P a r t I C h a p t e r 4 T h e P o w e r o f T y p e s 4 . 1 T y p e c l a s s e s 4 . 2 E x i s t e n t i a l t y p e s 4 . 3 U n i q u e n e s s t y p e s 4 . 4 E x e r c i s e s

Clean is a strongly typed language. This means that every expression in the language has atype and that type correctness can be verified before the program is executed. Types arededuced and checked by the compiler. Ill-typed programs are not accepted. Many errorscan be found and reported at compile time thanks to the checks performed type system.Type systems can also be used to increase the expressive power of a language. In thischapter a number of language features which are related to the type system are explained.First we will explain the overloading mechanism of Clean which makes it possible to usethe same function name for different functions performing similar kind of actions. It canbe used to write (parts of) programs in such a way that the actual data structures beingused can be chosen in a later state of the design (section 4.1). Then we explain how onecan store objects of different types into a recursive data structure like a list using existen-tially quantified data types. In this way an object oriented style of programming can beachieved (section 4.2). Finally we treat an important feature of Clean: the uniqueness typesystem (section 4.3). It makes it possible to destructively update data structures like ar-rays and files without violating the pure functional semantics of the language.4 . 1 Type ClassesIn the previous chapters we have seen the type rules for functions and applied these rules inthe functions shown. A summary of the type rules is:¥each function argument should be used with the same type at any occurrence in thefunction body;¥the type of the function should be an instance of the type of each function alternative;¥the type of all function bodies within an alternative should be an instance of the typeof the function alternative, and hence an instance of the type of the function;¥the number of arguments op the function should be equal to the number of argumentsof the type.When the programmer specifies a type for a function it should be consistent with theserules. An instance of a type t is obtained by replacing variables in the type t by othertypes. A function is called polymorph when there occur type variables in its type. Thisindicates that the function can be applied to arguments of many different types. Whenthere are no restrictions on the type variable the function can even be applied to argumentsof any type. Some well-known examples of polymorphic typed functions are:id :: t -> tid x = x

72Functional Programming in Clean hd :: [t] -> thd [x:_] = xif :: Bool t t -> tif c t e | c = t = eIn the functions id, hd and if any type can be used for t.4.1.1OverloadingA polymorphic function is defined over a range of types, acting in the same way for eachconcrete type. Another mechanism which allows functions to be applied with differentconcrete types is called overloading or ad-hoc polymorphism. Overloading occurs when aset of functions is defined. Each of these functions has a different type, but all function inthis class have the same name. So, one (overloaded) function name (e.g. +) is associatedwith different operations (Int addition, Real addition, etcetera).Usually it is considered an error when different functions have the same name. However,when a number of functions perform similar actions to different data types, it can beconvenient to given them all the same name. The definition of an overloaded functionconsists of two parts:•the signature of the overloaded function, i.e. a name and type specification;•a collection of (type dependent) concrete realizations; the so called instances.For reasons of flexibility, most programming languages allow those parts to be specifiedseparately. In Clean, a signature is introduced by a class declaration. This class declarationtells the Clean system that it is possible that there occur a number of functions with thegiven name. In order to guarantee that these functions are sufficient similar, the type ofthese functions should be an instance of the type given in the signature. Examples of suchsignatures are the following (pre-defined) class declarations introducing some commonoverloaded operators.class (+) infixl 6a :: !a !a-> aclass (-) infixl 6a :: !a !a-> aclass zeroa :: aclass (*) infixl 7a :: !a !a-> aclass (/) infix 7a :: !a !a-> aclass onea :: aclass (==) infix 2a :: !a !a-> Boolclass (<) infix 2a :: !a !a-> BoolIn each class declaration, one of the type variables appearing in the signature is denotedexplicitly. This, so called class variable is used to relate the type of an overloaded opera-tor to all the types of its instances. The latter are introduced by instance declarations. Aninstance declaration associates a function body with a concrete instance type. The type ofthis function is determined by substituting the instance type for the class variable in thecorresponding signature. For example, we can define an instance of the overloaded opera-tor + for strings, as follows.instance + Stringwhere(+) s1 s2 = s1 +++ s2By substituting String for a in the signature of + one obtains the type for the newly defi-ned operator, to wit !String !String -> String. In Clean it is permitted to specify thetype of an instance explicitly, provided that this specified type is exactly the same as thetype obtained via the above-mentioned substitution. Among other things, this means thatthe following instance declaration is valid.

I.4 The Power of Types (Draft, 12 augustus 1997)73 instance + Stringwhere(+) :: !String !String -> String(+) s1 s2 = s1 +++ s2It is also possible to define instances of functions for polymorphic data types. In chapterI.3.1 we have shown the definition of the operators == and < for lists. Some otherexamples are:instance + (x,y) | + x & + ywhere(+) (a,b) (x,y) = (a+x,b+y)instance == (x,y) | == x & == ywhere(==) (a,b) (x,y) = a == x && b == yIn fact, a large number of these operators and instances for the basic types and data typesare defined in StdEnv. In order to limit the size of the standard library only thoseoperations that are considered the most useful are defined. It might happen that you haveto define some instances of standard functions and operators yourself.Observe that, what we have called an overloaded function is not a real function in theusual sense: An overloaded function actually stands for a whole family of functions. If anoverloaded function is applied in a certain context, the type system determines (if possi-ble) which concrete instance has been used. For instance, if we defineincrement n = n + 1it is clear that the Int addition is meant leading to a substitution of this Int version for +.However, it is often impossible to derive the concrete version of an overloaded functionfrom the context in which it is applied. Consider the following definition:double n = n + nNow, one cannot determine which instance of + is meant. In fact, the function double be-comes overloaded itself, which is reflected in its type:double :: a -> a | + aThe type context + a indicates the restriction that double is defined only on those objectsthat can be handled by a +. In general, a type context of the form C a, restricts instantia-tion of a to types for which an instance declaration of C exists. If a type context for a con-tains several class applications, it assumed that a is chosen from the instances types allthese classes have in common.One can, of course, use a more specific type for the function double. E.g.double :: Int -> Intdouble n = n + nObviously, double is not overloaded anymore: due to the additional type information,the instance of + to be used can now be determined.Type contexts can become quite complex if several different overloaded functions areused in a function body. Consider, for example, the function determinant for solving qua-dratic equations.determinant a b c = b * b - (fromInt 4) * a * cThe type of determinant isdeterminant :: a a a -> a | *, -, fromInt aTo enlarge readability, it is possible to associate a new (class) name with a set of exist-ing overloaded functions. E.g.class Determinant a | *, -, fromInt aThe class Determinant consists of the overloaded functions *, - and fromInt. Using the newclass in the type of determinant leads to:determinant :: a a a -> a | Determinant a.Notice the difference between the function determinant and the class Determinant. Theclass Determinant is just a shorthand notation for a set of type restriction. The name ofsuch a type class should start with an uppercase symbol. The function determinant is just a

74Functional Programming in Clean function using the class Determinant as a compact way to define some restrictions on itstype. As far as the Clean system is concerned it is a matter of coincidence that you findthese names so similar.Suppose C1 is a new class, containing the class C2. Then C2 forms a so called subclass of C1.�Being a subclass of� is a transitive relation on classes: if C1 on its turn is a subclass of C3then also C2 is also a subclass of C3.A class definition can also contain new overloaded functions, the so-called members ofthe class. For example, the class PlusMin can be defined as follows (assuming that +, - andzero are defined elsewhere).class PlusMin awhere(+) infixl 6 :: !a !a -> a(-) infixl 6 :: !a !a -> azero :: aTo instantiate PlusMin one has to specify an instance for each of its members. For exam-ple, an instance of PlusMin for Char might look as follows.instance PlusMin Charwhere(+) x y = toChar ((toInt x) + (toInt y))(-) x y = toChar ((toInt x) - (toInt y))zero= toChar 0Some of the readers will have noticed that the definition of an overloaded function is es-sentially the same as the definition of a class consisting of a single member. Indeed, clas-ses and overloaded operators are one and the same concept. Since operators are justfunctions with two arguments, you can use operators in type classes in the same way asordinary functions.A class defines in fact a family of functions with the same name. The difference betweenthe functions is the type of the arguments. For an polymorph function one and the samedefinition is used for all argument types. For an overloaded function (a class member) aseparate function is used for each type of instance defined. In order to guarantee that onlya single instance is defined for each type, it is not allowed to define instances for typesynonyms. The selection of the instance of the overloaded function to be applied is doneby the Clean system based on type information. Whenever possible this selection is doneat compile-time. In some (rare) circumstances it is not possible to do this selection atcompile-time. In those circumstances the selection is done at run-time.In Clean, the general form of a class definition is a combination of the variants discussedso far: A new class consists of a collection of existing classes extended with a set of newmembers. Besides that, such a class will appear in a type context of any function that usesone or more of its members, of which the actual instance could not be determined. Forinstance, if the PlusMin class is used (instead of the separate classes +, - and zero), the ty-pes of double and determinant can be specified as:double :: a -> a | PlusMin adeterminant :: a a a -> a | *, PlusMin, fromInt aThe Clean system itself is able to derive this kind of types with class restrictions.The class PlusMin is defined in the standard environment (StdClass) is slightly differentfrom the definition shown in this section. The definition is the standard environment is:class PlusMin a | + , - , zero aWhen you use the class PlusMin there is no difference between both definitions. However,when you define a new instance of the class you hav to be aware of the actual definition ofthe class. When the class contains members, you create an instance of the class as shownhere. For a class that is defined by a class context, as PlusMin from StdClass, you definean instance by defining instances for all classes listed in the context. In the next sectionwe show an example of the definition of an instance of this class.

I.4 The Power of Types (Draft, 12 augustus 1997)75

4.1.2A class for Rational NumbersIn chapter I.3 we introduced a type Q for representing rational numbers. These numeralsare records consisting of a numerator and a denominator field, both of type Int::: Q={num :: Int,den :: Int}We define the usual arithmetical operations on Q as instances of the corresponding typeclasses. For example,instance + Qwhere(+) :: !Q !Q -> Q(+) x y = mkQ (x.num * y.den + x.den * y.num) (x.den * y.den)instance - Qwhere(-) x y = mkQ (x.num * y.den - x.den * y.num) (x.den * y.den)instance fromInt QwherefromInt i = mkQ i 1instance zero Qwherezero = fromInt 0Using:mkQ :: x x -> Q | toInt xmkQ n d = simplify {num = toInt n, den = toInt d}simplify :: Q -> Qsimplify {num=n,den=d}| d == 0 = abort "denominator of Q is 0!"| d < 0 = {num = ~n / g, den = ~d / g}| otherwise = {num = n / g, den = d / g}whereg = gcd n dAt first sight, it seems as if the definition of, for example, the instance for + is recursive,for, an application of + also appears in the body of this instance. However, from its con-text, it immediately follows that the actual operation that is meant is the + for values oftype Int.When a new data type is introduced, it is often convenient if a string representation of thisdata type is available. Amongst other things, this representation can be used for printing aconcrete value of that type on the screen. For this purpose, we introduce the class toString:class toString a :: !a -> StringThe corresponding instance of toString for Q might look as follows.instance toString Qwhere toString q| sq.den==1= toString sq.num| otherwise= toString sq.num +++ "/" +++ toString sq.den wheresq = simplify qThe execution of the programStart :: StringStart = toString sumwheresum :: Qsum = zero + zeroresults in the string "0".It seems as if it makes no difference if we would writeStart = toString (zero + zero)However, in this situation it is not possible to determine the used instances of zero, + andtoString uniquely, i.e. there are several concrete instances that can be applied. The prob-lem is that the expression toString (zero + zero) is internally overloaded: the overloading

76Functional Programming in Clean is not reflected by its result type (which is simply String). Such an expression will causethe compiler to generate the error message:Type error [...]: "zero" (internal) overloading is insolvableWhen it is known which instance of, for example, zero should be used, one can deduce theconcrete instances of + and toString. Internal overloading can always be solved by intro-ducing auxiliary local definitions that are typed explicitly (like the sum function in theabove example).Another way to solve the ambiguity is to indicate one of the instancesof the class as thedefault instance. In all situations where the overloading cannot be resolved, this defaultinstance will be used. For instance, we can define the instance of type Q the default for theclass zero by writing:instance zero Q defaultwhere zero = mkQ 0 1Now it is allowed to writeStart = toString (zero + zero)The context still does not determine which zero is used here, but now the Clean systempicks the default one: the zero of type Q.1By defining an instance of class Enum for the type Q it is even possible to generate list ofrational numbers using dotdot expressions. Apart form the functions +, -, zero and one,the class Enum contains the ordering operator <. A suited instance declaration of < for Q isinstance < Qwhere(<) x y = x.num * y.den < x.den * y.numA program likeStart :: [String]Start = [toString q \\ q <- [zero, mkQ 1 3 .. mkQ 3 2]]is type correct. It�s execution yields:["0","1/3","2/3","1/1","4/3"]4.1.3Derived class membersSometimes, a member of a class is not really a new function, but defined in terms ofother members (either of the same class or of a subclass). The standard environment, forexample, introduces the class Eq containing the comparison operators == (already definedas class in StdOverloaded) and <> in the following way.class Eq a | == awhere(<>) infix 2 :: !a!a->Bool | Eq a(<>) x y :== not (x == y)The <> operator is an example of , what is called, a derived class member: a member ofwhich the body is included in the class definition itself (Clean considers derived mem-bers as macros2). In contrast to other functional languages, like Haskell and Gofer, the in-stances of derived members are never specified in Clean; they are inherited from the clas-ses corresponding to the used operators (== in the above example).In the same style we can define a complete set of ordering operators based on the opera-tor <.class Ord a| < awhere(>) infix 2 :: !a !a -> Bool | Ord a(>) x y :== y < x(<=) infix 2 :: !a !a -> Bool | Ord a(<=) x y :== not (y<x)

1In Clean 1.2 it is required that all overloaded functions involved have the same default type specified.2In Clean 1.1 derived members are macros. A drawback of using macros to define derived members is thatthey cannot be used as a curried function. This is fixed in Clean 1.2.

I.4 The Power of Types (Draft, 12 augustus 1997)77

(>=) infix 2 :: !a !a -> Bool | Ord a(>=) x y :== not (x<y)In fact, also the equality operator == could be defined as a derived member, e.g. by spe-cifyingclass Eq a | < awhere(==) infix 2 :: !a !a -> Bool | Eq a(==) x y :== x <= y && x >= y(<>) infix 2 :: !a !a -> Bool | Eq a(<>) x y :== not (x == y)By this mechanism, one obtains all ordering operations for a certain type, solely by defi-ning an instance of < for this type. For efficiency reasons this is not done in the standardenvironment of Clean. In order to enable all possible comparision for some type T youshould define an instance of < and ==.When defining instances of functions acting on polymorphic data structures, these instan-ces are often overloaded themselves, as shown by the following example.instance < [a] | < awhere(<) :: [a] [a] -> Bool | < a(<) _ []= False(<} []_= True(<) [a:as][b:bs]= a < b || a == b && as < bsThe instance type [a] is supplied with a type context which reflects that, in the body ofthe instance, the < operator is applied to the list elements. Observe that the specified typeis, as always, the same as the type obtained from the signature of < after substituting [a] |< a for the class variable.This example clearly shows the expressive power of the type classes. Suppose an instance< for some type T is available. With one single instance definition it possible to compareobjects of type [T], of type [[T]] and so on.4.1.4Type constructor classesUntil now, we assumed that each type constructor has a fixed arity indicating the numbera type arguments, an application of that type constructor is supposed to have. For exam-ple the list constructor [] has arity 1, the 3-tuple constructor (,,) has arity 3, etcetera.Higher-order types are obtained by allowing type constructor applications in which the ac-tual number of type arguments is less than the arity of the used constructor. In Clean it ispossible to define classes with class variables ranging over such higher-order types. Thisleads to so-called type constructor classes. Type constructor classes can be used to definecollections of overloaded higher-order functions. To explain the idea, consider the mapfunction, defined as usual.map :: (a -> b) [a] -> [b]map f [] = []map f [a:as] = [f a:map f as]Experienced programmers will recognize that similar functions are often used for a widerange of other, mostly polymorphic data structures. E.g.Tree a = Node a [Tree a]mapTree :: (a -> b) (Tree a) -> Tree bmapTree f (Node el ls) = Node (f el) (map (MapTree f) ls)MayBe a = Just a | NothingMapMayBe :: (a -> b) (MayBe a) -> MayBe bMapMayBe f (Just a)= Just (f a)MapMayBe f Nothing= NothingSince all of these variants for map have the same kind of behaviour, it seems to be attrac-tive to define them as instances of a single overloaded map function. Unfortunately, the

78Functional Programming in Clean overloading mechanism presented so far is not powerful enough to handle this case. For,an adequate class definition should be able to deal with (at least) the following type spe-cifications:(a -> b) [a] -> [b](a -> b) (Tree a) -> Tree b(a -> b) (MayBe a) -> MayBe b.It is easy to see, that a type signature for map such that all these type specifications can beobtained via the substitution of a single class variable by appropriate instance types, isimpossible. However, by allowing class variables to be instantiated with higher-order in-stead of first-order types, such a type signature can be found, as indicated by the follow-ing class definition.class map t :: (a -> b) (t a) -> t bHere, the ordinary type variables a and b range over first-order types, whereas the classvariable t ranges over higher-order types. To be more specific, the concrete instance typesthat can be substituted for t are (higher-order) types with one argument too few. The in-stance declarations that correspond to the different versions of map can now be specified asfollows.instance map []wheremap f l = [f e \\ e <- l]instance map Treewheremap f (Node el ls) = Node (f el) (map (map f) ls)instance map MayBewheremap f (Just a) = Just (f a)map f Nothing = NothingThe following instance declaration for map is also valid.instance map (,) awheremap :: (a -> b) (c,a) -> (c,b)map f (a,b) = (a,f b)Here (,) a denotes the 2-tuple type constructor applied to a type variable a. Observe thatan instance for type (,) (i.e. the same type constructor, but now with no type arguments)is impossible.4 . 2 Existential types3Polymorphic algebraic data types offer a large flexibility when building new data struc-tures. For instance, one can use one and the same type definition for lists of integers, forlist of characters, or even for lists of lists of something. However, the types of the objectsstored in such a data structures are fixed, e.g. a list cannot contain both integers and char-acters. Of course, one can solve this problem ad hoc, e.g. by introducing the followingauxiliary type.:: OneOf a b = A a | B bIndeed, a list of type [OneOf Int Char] may contain integers as well as characters, but againthe choice is limited. In fact, the amount of freedom is determined by the number oftype variables appearing in the data type definition.To enlarge applicability, Clean has been extended with the possibility to use so calledexistentially quantified type variables (or, for short, existential type variables) in data typedefinitions. In the following example, we illustrate the use of existential variables by de-fining a list data structure elements of different types can be stored.:: List E.a = Cons a (List Void) | Nil

3The syntax of existential types has been slightly changed in Clean version 1.2. This section still usesClean 1.1 syntax.

I.4 The Power of Types (Draft, 12 augustus 1997)79

The E prefix of a indicates that a is an existential type variable. In contrast to ordinarypolymorphic (or, sometimes, called universally quantified) type variables, an existentialtype variable can be instantiated with a concrete type only at the moment a data objectof the type in question is created. Consider, for example, the functionnewlist = Cons 1 NilHere, the variable a of the constructor Cons is instantiated with Int. This concrete type in-formation, however, is hidden by typing the result with type List Void. This Void type canbe used independently of the actual type substitution. In fact, Void is the only type that ispermitted on such vacant type argument positions, and moreover it is not allowed to useVoid anywhere else in a type specification. By hiding the actual element types, one is ableto build more complex structures like Cons 1 (Cons ’a’ Nil).Existential type variables are not allowed in type specifications of functions, so data con-structors are the only symbols with type specifications in which these special type varia-bles may appear. If such data symbols are used in a pattern of a function, the correspond-ing existential type variables are never instantiated during type derivation of that func-tion. Therefore, the following function Hd which yields the head element of a listHd (Cons hd tl) = hdis illegal, for, the existential variable associated with hd is instantiated with the resulttype of Hd. The instance restriction becomes obvious if one realizes that the concrete typesof the list elements is lost, and yielding an object with an unknown type may result in aprogram that is not type safe anymore. Returning to the list example, accessing the tail ofthe above list, e.g. by definingTl (Cons hd tl) = tlis harmless: one can not do anything with Tl�s result that might disturb type safety.Creating objects by existential typesClearly, a data structure with existential quantified parts is not very useful if there existno way of accessing the stored objects. For this reason, one usually provides such a datastructure with an interface: a collection of functions for changing and/or retrieving infor-mation of the hidden object. So, the general form of these data structures is::Object E.a={ state :: a, method_1 :: ... a ... -> ..., method_2 :: ... -> ...a...,...}Those who are familiar with object oriented programming will recognize the similaritybetween the concept of object-oriented data abstraction and existentially quantified datastructures in Clean.We will illustrate the use of existentially quantified data structures with the aid of an ex-ample in which �drawable objects� are represented as follows::Drawable E.a ={ state:: a, move:: Point -> a -> a, draw:: a Picture -> Picture}A Drawable contains a state field (e.g. the representation of a point, a line, a circle, etce-tera) and two functions move and draw for moving and displaying the object on the screen,respectively. We use a number of graphical data types that are defined in the stadard I/Olibrary in the module Picture. Drawing pictures is explained in more detail in thechapters I.5 and II.4.::Point:== (!Int, !Int);::Line:== (!Point, !Point);::Rectangle:== (!Point, !Point);// bounding points::Oval:== Rectangle;// bounding rectangle::Curve:== (!Oval, !Int, !Int);// Oval with start and end angle

80Functional Programming in Clean

First, we define two auxiliary function for creating the basic objects Line and Curve. Thecorresponding drawing routines are taken from the standard I/O library Picture; movingis defined straightforwardly. We use + for tuples from as defined in 4.1.1.MakeLine :: Line -> Drawable VoidMakeLine line={ state = line, move = \dist line -> line + (dist,dist), draw = DrawLine}MakeCurve :: Curve -> Drawable VoidMakeCurve curve={ state = curve, move = \dist (rect,a1,a2) -> (rect + (dist,dist),a1,a2), draw = DrawCurve}A Rectangle is defined as a compound structure consisting of 4 lines, whereas a Wedge con-sists of 2 lines and a curve.MakeRectangle :: Rectangle -> Drawable VoidMakeRectangle ((x1,y1),(x2,y2))={ state = [ MakeLine ((x1,y1),(x1,y2)), MakeLine ((x1,y2),(x2,y2)) , MakeLine ((x2,y2),(x2,y1)), MakeLine ((x2,y1),(x1,y1)) ], draw = \s p -> foldl (\pict {state,draw} -> draw state pict) p s, move = \d -> map (MoveDrawable d)}MakeWedge:: Curve -> Drawable VoidMakeWedge curve=:((begp,endp), a1, a2)={ state = [MakeLine (mid,mid+ epc1), MakeLine (mid,mid+ epc2) , MakeCurve curve ], draw = \s p -> foldl (\pict {state,draw} -> draw state pict) p s, move = \d -> map (MoveDrawable d)}wheremid = (begp+endp)/(2,2)(epc1,epc2) = EndPointsOfCurve curveUsing a suitable implementation of EndPointsOfCurve and:MoveDrawable :: Point (Drawable Void) -> Drawable VoidMoveDrawable p d=:{state,move} = {d & state = move p state}Observe that moving and drawing of both compound objects is done in the same way.Moreover, due to the fact that (possibly different) Drawables can be stored in one list (for,the state of such objects is hidden) one can use standard list manipulating functions, suchas map and foldl to perform these operations. Of course, the Drawable type is much toosimple for being really useful: other functions have to added, e.g. predicates for testingwhether a given point lies on the border, in the interior of a drawable or outside of it.Such extensions might be far from trivial, but nevertheless, the elegance of this methodbased on existentially quantified data structures is maintained. A full fledged typeDrawable is developed in chapter II.4.Using an ordinary polymorphic record for Drawable, instead of the existential type, ispossible for the functions MakeLine and makeCurve. Their types become Drawable Line andDrawable Curve respectively. So, using a polymorphic record it is impossible to storethese objects in one list as is done in the function MakeWedge.Without existential types drawable objects can be modelled by an algebraic data type.:: AlgDrawable= LineLine| CurveCurve| Rect[Line]| Wedge[AlgDrawable]

I.4 The Power of Types (Draft, 12 augustus 1997)81

The manipulation of drawable objects is done by separately defined functions. Thesefunctions use detailed knowledge of the exact construction of the various alternatives ofthe algebraic data type AlgDrawable. Fortunately, the compiler generates a warning(Function may fail) when we accidentally omit one of the Constructors of AlgDrawable.move :: Point AlgDrawable -> AlgDrawablemove p object = case object ofLine line -> Line (line + (p,p))Curve (rect,a1,a2) -> Curve (rect + (p,p),a1,a2)Rect lines -> Rect [line + (p,p) \\ line <- lines]Wedge parts -> Wedge (map (move p) parts)draw :: AlgDrawable -> (Picture -> Picture)draw object = case object ofLine line -> DrawLine lineCurve curve -> DrawCurve curveRect lines -> seq (map DrawLine lines)Wedge parts -> seq (map draw parts)Although this is a way to handle objects that come in several different sorts, it has somedrawbacks. The first disadvantage is that the properties and manipulation of drawableobjects is distributed over a number of functions. For complicated types that are handledby many functions it becomes problematic to gather all information of that object. Asecond disadvantage of using an algebraic data type is that it becomes difficult tomaintain the code. When an additional object like Oval is introduced, it is difficult to besure that all necessary manipulation functions are updated to handle ovals.When we change our mind and want to store a rectangle by its bounding points this is avery local change in the object-oriented approach. Only the function MakeRectangle needsto be changed:MakeNewRectangle :: Rectangle -> Drawable VoidMakeNewRectangle rect={ state = rect, move = \p (p1,p2) -> (p1+p,p2+p), draw = DrawRectangle}When we use the algebraic data type AlgDrawable to represent drawable objects and wewant to implement the equivalent change, we have to change the data type and thecorresponding manipulation functions.:: AlgDrawable= LineLine| CurveCurve| RectRectangle// changed| Wedge[AlgDrawable]move :: Point NewAlgDrawable -> NewAlgDrawablemove p object = case object ofLine line -> Line (line + (p,p))Curve (rect,a1,a2) -> Curve (rect + (p,p),a1,a2)Rect (p1,p2) -> Rect (p1+p,p2+p)// changedWedge parts -> Wedge (map (move p) parts)draw :: NewAlgDrawable -> Picture -> Picturedraw object = case object ofLine line -> DrawLine lineCurve curve -> DrawCurve curveRect rect -> DrawRectangle rect// changedWedge parts -> seq (map draw parts)On the other-hand, adding an entirely new manipulation function is easier for thealgebraic data type. Only the new function has to be defined. In the object-orientedapproach, each object creating function should be changed accordingly.

82Functional Programming in Clean

As example we will add an operation that determines the bounding rectangle ofdrawable objects. For the algebraic data type approach we define the functionbounds :: AlgDrawable -> Rectanglebounds object = case object ofLine line -> normalize lineCurve curve -> curveBounds curveRect rect -> normalize rectWedge parts -> foldl1 combine_bounds (map bounds parts)usingfoldl1 :: (a a -> a) [a] -> afoldl1 f [x:xs] = foldl f x xscombine_bounds :: Rectangle Rectangle -> Rectanglecombine_bounds ((tl1x,tl1y),(br1x,br1y)) ((tl2x,tl2y),(br2x,br2y)) = ((min tl1x tl2x,min tl1y tl2y),(max br1x br2x,max br1y br2y))normalize :: Rectangle -> Rectanglenormalize ((x1,y1),(x2,y2)) = ((min x1 x2, min y1 y2), (max x1 x2, max y1 y2))For the object oriented approach we have to change the definition of Drawable and allfunctions generating objects of this type. We use the same supporting functions as above.::Drawable E.a ={ state :: a, move :: Point -> a -> a, draw :: a Picture -> Picture, bounds :: a -> Rectangle// new}MakeLine :: Line -> Drawable VoidMakeLine line={ state = line, move = \dist line -> line + (dist,dist), draw = DrawLine, bounds = \l -> normalize l// new}MakeCurve :: Curve -> Drawable VoidMakeCurve curve={ state = curve, move = \dist (rect,a1,a2) -> (rect + (dist,dist),a1,a2), draw = DrawCurve, bounds = \c -> curveBounds c// new}MakeRectangle :: Rectangle -> Drawable VoidMakeRectangle ((x1,y1),(x2,y2))={ state = [ MakeLine ((x1,y1),(x1,y2)), MakeLine ((x1,y2),(x2,y2)) , MakeLine ((x2,y2),(x2,y1)), MakeLine ((x2,y1),(x1,y1)) ], draw = \s p -> foldl (\pict {state,draw} -> draw state pict) p s, move = \d -> map (MoveDrawable d), bounds = \parts -> foldl1 combine_bounds// new(map (\{state,bounds} -> bounds state) parts)}MakeWedge :: Curve -> Drawable VoidMakeWedge curve=:((tl,br), a1, a2)={ state = [ MakeLine (mid,mid+ epc1) , MakeLine (mid,mid+ epc2) , MakeCurve curve ], draw = \s p -> foldl (\pict {state,draw} -> draw state pict) p s, move = \d -> map (MoveDrawable d), bounds = \parts -> foldl1 combine_bounds// new(map (\{state,bounds} -> bounds state) parts)}wheremid = (tl + br)/ (2,2)(epc1,epc2) = EndPointsOfCurve curve

I.4 The Power of Types (Draft, 12 augustus 1997)83

It is not possible to give a general rule to use either the object-oriented approach or thealgebraic data type approach. As these examples show both approaches have theiradvantages and disadvantages. The decision should be based on the expected use andchanges of the data type. Fortunately, usually neither of the choices is really wrong. It iscommonly only a matter of convenience.A pipeline of functionsExistentially quantified data structures can also be used as a solution to the followingproblem. Consider the function seq which applies a sequence of functions to a given ar-gument (see also Chapter 5).seq :: [t->t] t -> tseq [] s = sseq [f:fs] s = seq fs (f s)Since all elements of a list must have the same type, only (very) limited sequences offunctions can be composed with seq. In general it is not possible to replace f o g o h by seq[h, g, f]. The types of the argument and the final result as well as the types of all inter-mediate results might all be different. Applying the seq function forces all those types tobecome the same.Existential types make it possible to hide the actual types of all intermediate results, asshown by the following type definition.:: Pipe E.via a b= Direct (a->b)| Indirect (a->via) (Pipe Void via b)Using this Pipe data type, it is possible to compose arbitrary functions in a real pipe-linefashion. The only restriction is that types of two consecutive functions should match. Thefunction ApplyPipe for applying a sequence of functions to some initial value is defined asfollows.ApplyPipe:: (Pipe Void a b) a -> bApplyPipe (Direct f)x= f xApplyPipe (Indirect f pipe)x= ApplyPipe pipe (f x)The expression ApplyPipe (Indirect toReal (Indirect exp (Direct toInt))) 7 is valid, and istyped with Int. The result is 1097.4 . 3 Uniqueness typesA very important property for reasoning about and analysing functional programs is refe-rential transparency: functions always return the same result when called with the same ar-guments. Referential transparency makes it possible to reason about the evaluation of aprogram by substituting an application of a function with arguments by the functions def-inition in which for each argument in the definition uniformly the corresponding argu-ment of the application is substituted. This principle of uniform substitution, which isfamiliar from high school mathematics, is vital in reasoning about functional programs.Imperative languages like C, C++ and Pascal allow data to be updated destructively.This feature is not only important for reasons of efficiency (the memory reserved for thedata is re-used again). The possibility to destructively overwrite data is a key concept onany computer. E.g. one very much would like to change a record stored in a database orthe contents of a file. Without this possibility no serious program can be written. Incor-porating destructive updating without violating referential transparency property of afunctional program takes some effort.The price we have to pay in imperative languages is that there is no referential trans-parency; the value of a function application can be dependent on the effects of the pro-gram parts evaluated previously. Uniqueness types are a possibility to combine referen-tial transparency and destructive updates.

84Functional Programming in Clean

4.3.1Graph ReductionUntil now we have not been very precise about the model of computation used in thefunctional language Clean. Since the number of references to an expression is important todetermine whether it is unique or not, we must become a little bit more specific.The basic ingredients of execution, also called reduction, have been discussed. The firstprinciple we have seen is uniform substitution: an application of a function with argumentsis replaced by the functions definition in which for each argument in the definitionuniformly the corresponding argument of the application is substituted. The secondprinciple is lazy evaluation: an expression is only evaluated when its value is needed.Now we add the principle of graph reduction: all occurrences of a variable are replacedby one and the same expression during uniform substitution. The variables are eitherformal function arguments or expressions introduced as local definition. Clearly locallydefined functions cannot be shared in the same way. This implies that expressions arenever copied and hence an expression is evaluated at most once. The reason that it is safeto share expressions is the property called referential transparency: the value of anexpression is independed of the context in which it is evaluated.Graph reduction is illustrated by the following examples. A reductions step is indicatedby the symbol fi, a sequence of reduction steps is indicated by fi*. Whenever we find ituseful we underline the redex (reducable expression): the expression to be rewritten. Localdefinitions are used to indicate sharing.Start = 3*7 + 3*7Startfi3*7 +

3*7fi3*7 + 21fi

21 + 21fi42Start = x + x where x = 3*7Startfix + x where x =

3*7fix + x where x = 21fi42

Note that the sharing introduced in the rightmost program saves some work. Thesereduction sequences can be depicted as:a

power :: Int Int -> Intpower x 0 = 1power x n = x * power x (n-1)Start :: IntStart = power (3+4) 2Startpower (3+4) 2x * power x (

2-1) where x = 3+4x * power x 1 where x = 3+4x * x * power x (

1-1) where x = 3+4x * x * power x 0 where x = 3+4x * x * 1 where x =

3+4x * x * 1 where x = 7 x * 7 where x = 7494.3.2Destructive updatingfwritecfwritec :: Char File -> FileSuch a function could be used in a context by other functions:AppendA :: File -> FileAppendA file = fwritec ’a’ fileAppendABlanguage.AppendAB :: File -> (File, File)AppendAB file = (fileA, fileB)wherefileA = fwritec ’a’ filefileB = fwritec ’b’ file(fileA,fileB)? TherefwritecAppendAB’a’fileAfileB’a’’b’’a’’b’calls AppendAfile and AppendBfilefwritecAppendAB

’a’’b’new window with each outputting command.and4.3.3Environment passingAppendABfwritecWriteAB :: File -> FileWriteAB file = fileABwherefileA = fwritec ’a’ filefileAB = fwritec ’b’ fileA’a’’b’)44.3.4Uniqueness information

WriteABWriteAB:: File -> FileWriteAB file = fwritec ’b’ (fwritec ’a’ file)file

3*7WriteABabove uses the file unique, while in AppendAB the reference count of the file is 2.

Figure 4.2: The result of WriteAB file

Figure 4.3: The result of AppendAB filefwritecWriteABfwritec :: Char *File -> *FileWriteAB :: *File -> *File*function has private ("unique") access to this particular argument.the function AppendAB as follows:AppendAB :: File -> (File, File)AppendAB file = (fileA, fileB)wherefileA = fwritec ’a’ filefileB = fwritec ’b’ filefwritec::Char *File->*File).When fwritec is called, however, the reference is unique.AppendAorB :: Bool *File -> *File

AppendAorB cond file| cond= fwritec ’a’ file| otherwise= fwritec ’b’ fileFuniqueFFfwritecfwritefwrite(e.g. the Charfwritecnon-uniquecoercedthat the functions freadcandfwrites have typefreadc:: File -> (Bool, Char, File)fwrites :: String *File -> *File.readwrite :: String *File -> (Bool, Char, File)readwrite s f = freadc (fwrites s f)Filefwritesfreadcfwritecofferedthe reference count of that argument.AppendAorB:: *File -> *FileAppendAorB file| fc == ’a’ = fwritec ’a’ nf| otherwise = fwritec ’b’ nfwhere(_,fc,nf)= freadc fileAppendAorBfreadcfilefc�a�fwritecfilefilenfAppendAorBchapter 5.

4.3.5Propagation of uniquenessheadhead :: [a] -> ahead [hd:tl] = hdhdtlheadsheads list = (head list, head list)headsheadhdheada*headhead :: [*a] -> *aheadsdirect argument of the two headsheads :: [*a] -> (*a,*a)head :: *[*a] -> *aheadheadsiftransform :: (Int -> Int) *{#Int} -> *{#Int}transform f s | size s == 0 = s | otherwise = if (s.[0] == 0) {f i \\ i <-: s} {f i \\ _ <-: s & i <- [s.[0]..]}4.3.6Uniqueness polymorphismTo indicate that functions leave uniqueness properties of arguments unchanged, one can use(uniquenessid :: u:a -> u:a auid*idfreadc5freadc :: u:File -> (Bool, Char, u:File)freadcpermitted.u<=v£example in which the uniqueness type of the well-known append operator is shown.(++) infixr 5 :: v:[u:a] w:[u:a] -> x:[u:a],[v w x<=u, w<=x]a*uvwxu* u = *.)w<=xuniqueness6appendwappend(++) [hd:tl] list = [hd: tl ++ list](++) _ list = list++(++) infixr 5 :: [u:a] w:[u:a] -> x:[u:a],[w<=x]++(++) infixr 5 :: [u:a] x:[u:a] -> x:[u:a](++) infixr 5 :: *[*Int] *[*Int] -> *[*Int](++) infixr 5 :: [a] *[a] -> *[a]anonymous++(++) infixr 5 :: [.a] v:[.a] -> w:[.a],[v<=w] freadc6

(++) infixr 5::[.a] u:[.a] -> u:[.a]module StdList of the standard environment.4.3.7nition of the List type:: List a = Cons a (List a) | NilCons :: a (List a) -> List aNil :: List aConsCons :: u:a v:(List u:a) -> v:List u:a, [v<=u]Tree:: Tree a = Node a [Tree a]NodeNode :: u:a w:[v:Tree u:a] -> v:Tree u:a,[v<=u, w<=v]w[w<=v]vTT�sTTree:: Tree2 = Node2 .Int [Tree2]NodeNode2 :: u:Int v:[u:Tree2] -> u:Tree2,[v<=u]NodeNode

ListTree7swap (Node a leafs) = Node a [swap leaf \\ leaf <- rev leafs]rev :: ![.a] -> [.a]rev l = rev_ l []whererev_ [a:x] l = rev_ x [a:l]rev_ [] l = lswap :: !(Tree a) -> Tree a;swap :: !u:(Tree .a) -> u:(Tree .a)swapswap :: !(Tree .a) -> (Tree .a)Tree:: Tree a = Node a .[Tree a]tree yields an unique tree: swap :: !(Tree .a) -> (Tree .a)When all Trees ought to be unique we should define:: *Tree a = Node a [Tree a]swap :: !*(Tree .a) -> *Tree .a;unique. Take, for instance, the type Progstate, defined in chapter 5 containing the (unique)Files:: *ProgState= {files :: Files}According to the above attribution mechanism, the Files would have been non-unique. ToProgstateProgstate:: Progstate file_system = {files :: file_system}Then, one replaces all uses of Progstate by Progstate*Files*Progstatepropagation of the attribute,Progstate*Progstate4.3.8Higher order uniqueness typingCurried

The function reverse provided in StdList of Clean 1.1 and 1.2 has a type that is to restrictive. It is notreverse::!.[a] -> [a]reverse list = reverse_ list []wherereverse_::![a] [a] -> [a]reverse_ [hd:tl] list= reverse_ tl [hd:list]reverse_ [] list= list function fwritec with type fwritec::*File Char->uni-file) (assuming that unifileof the form o:(Char->*File).o*(fwritecunifile)WriteAB write_fun = (write_fun �a�, write_fun �b�)Then the argument of fwritec(fwritecunifile)expression->*o*WriteABWriteAB :: (Char -> u:File) -> (u:File, u:File)WriteAB write_fun = (write_fun �a�, write_fun �b�)the expression WriteAB(fwritecunifile)*(Char->*File)WriteAB:: Object a b = { state :: a, fun :: .(b -> a)new :: * Object *File Charnew = {state = unifile, fun = fwritec unifile}newnewPrepend :: u:[.a] [.a] -> v:[.a],[u<=v]Prepend a b = Append b aPrependList :: u:[.a] -> w:([.] -> v:[.a]),[u<=v, w<=u]PrependList a = Prepend aPrependListsome_listother_listother_listandsome_list.new_listnew_listu<=vu*u=*w=*w<=uPrependListsome_list[Barendsen 93].4.3.9Creating unique objects worldcreateArrayStdEnvStartneeded.4.3.10Combining uniqueness typing and type classes4 . 4 Exercises4.1Define an instance for type Q of the standard class Arithclass Arith a | PlusMin, MultDiv, abs, sign, ~ a4.2Define complex numbers similar to and specify an instance of the class Arith for this new type.4.3PlusMin[a]equal length). So, [1,2,3] + [4,5] = [5,7,3]4.4PipePipeDirectconstructor containing the final function to be applied)? One can image a definition of Pipe with a