P a r t I C h a p t e r 3 D a t a S t r u c t u r e s 3 . 1 L i s t s 3 . 2 I n f i n i t e l i s t s 3 . 3 T u p l e s 3 . 4 R e c o r d s 3 . 5 A r r a y s 3 . 6 A l g e b r a i c d a t a t y p e s 3 . 7 A b s t r a c t d a t a t y p e s 3 . 8 E x e r c i s e s

Data structures are used to store and manipulate collections of data and to representspecific data values. The example of a data type representing specific values that we haveseen is the data type Bool which contains the values True and False. In section 3.6 we teachyou how to define this kind of algebraic data types.The lists which we have used every now and then are an example of a recursive algebraicdata type. In principle it is possible to define all data types directly in Clean. Since anumber of these data types are used very frequently in functional programming they arepredefined in Clean. In order to make the manipulation of these data types easier andsyntactically nicer special purpose notation is introduced for a number of data types.Lists are by far the most used recursive data type used in functional programming. Listshold an arbitrary number of elements of the same type. They are discussed in section 3.1and 3.2. Tuples hold a fixed number of data values that can be of different types. The useof tuples is treated in section 3.3. Records are similar to tuples. The difference between arecord and a tuple is that fields in a record are indicated by their name, while in a tuplethey are indicated by their position. Records are discussed in section 3.4. The lastpredefined data type discussed in this chapter are arrays. Arrays are similar to fixedlength lists. In contrast to lists an array element can be selected in constant time. Usually,it is only worthwhile to use arrays instead of lists when this access time is of greatimportance.3 . 1 ListsIn the previous chapters we have seen some lists. A list is a sequence of elements of thesame type. The elements of the a list can have any type, provided that each element hasthe same type. The elements of a list are written between the square brackets [ and ]. Theelements are separated by a comma. For example the list of the first five prime numbersis [2,3,5,7,11]. You can construct a new list of an element and a list by the infixoperator˚:. For example [1:[2,3,5,7,11]]. This list can also be written as [1,2,3,5,7,11].Both notations can be used in the patterns of functions manipulating lists. In this sectionwe will elaborate on lists and list processing functions.3.1.1Structure of a listLists are used to group a number of elements. Those elements should be of the same type.

36Functional Programming in Clean a

[1,2,3]:list[][x:xs]xxsIntInttypes listed above can thus be expressed shorter by [Int->Int][[Int]][[[Bool]]]intervals.Enumeration[1,2,3]:: [Int][1,3,7,2,8]:: [Int][True,False,True]:: [Bool][sin,cos,tan]:: [Real->Real][[1,2,3],[1,2]]:: [[Int]][Int][1,2,3][1,2]lists.[1+2,3*x,length [1,2]]:: [Int][3<4,a==5,p && q]:: [Bool][True]:: [Bool][[1,2,3]]:: [[Int]][[1,2,3]][1,2,3]).expressiontype[Bool][[Int]][True] or [3]).[a][] :: [a]

I.3 Data Structures (Draft, 12 augustus 1997) sum []and [][[],[1,2],[3]][[1<2,True],[]][[[1]],[]]length []:xs=[1,2,3]xs=[1:[2:[3:[]]]] xs[0:xs][0,1,2,3][x:xs],x0xs

Figure 3.3 Pictorial representation of the list [0,xs]wherexs = [1,2,3]:cons[]nil[1..5][1,2,3,4,5][1..5][1,3..9]231[first,second..upto]from_then_to first second upto, which in the case of [1,3..9] evaluates to [1,3,5,7,9].from_then_toStdEnumfrom_then_to : a a a -> [a] | Enum afrom_then_to n1 n2 e| n1 <= n2= _from_by_to n1 (n2-n1) e| otherwise= _from_by_down_to n1 (n2-n1) ewhere_from_by_to n s e| n <= e = [n : _from_by_to (n+s) s e]| otherwise= []_from_by_down_to n s e| n >= e= [n : _from_by_down_to (n+s) s e]| otherwise= []

[1..5][1,2..5][1..][1,2,3,4,5,6,7,8,9,10,�[1,3..][1,3,5,7,9,11,13,15,�[100,80..][100,80,60,40,20,0,-20,-40,�Enum[’a’..’c’] evaluates to [’a’,’b’,’c’]3.1.2Functions on listspatterns[][x:xs]xxshdtlsection 1.4.3 , sum and length in subsection 1.4.4, and mapfilter and foldr in subsection[x:xs]xs==(==) infix 4 :: [a] [a] -> Bool | == a(==) [] [] = True(==) [] [y:ys] = False(==) [x:xs] [] = False(==) [x:xs] [y:ys] = x==y && xs==ysx==y(xs==ys).====defined in StdOverloaded as:(==) infix 4 a :: a a -> Bool====instance == [a] | == awhere(==) infix 4 :: [a] [a] -> Bool | == a====<

I.3 Data Structures (Draft, 12 augustus 1997)

[2,3]<[3,1][2,1]<[2,2][2,3]<[2,3,4](<) infix 4 :: [a] [a] ->Bool | < a(<) [] []= False(<) [] = True(<) [_:_] []= False(<) [x:xs] [y:ys]= x < y || (x == y && xs < ys)<==<>>>=<=(<>) x y = not (x==y)(>) x y = y < x(>=) x y = not (x<y)(<=) x y = not (y<x)max x y = if (x<y) y xmin x y = if (x<y) x yEq==<>Ord<rived operators > >=, <=, max and min++concatenation[1,2,3]++[4,5][1,2,3,4,5]unaltered: [1,2]++[] gives [1,2] and []++[1,2] gives also [1,2]++StdList(++) infixr 5 :: [a] [a] -> [a](++) [] ys = ys(++) [x:xs] ys = [x:xs++ys]flattenlistflatten [[1,2,3],[4,5],[],[6]][1,2,3,4,5,6]flattenflatten :: [[a]] -> [a]flatten []= []flatten [xs:xss]= xs ++ flatten xss[]xsxssflatten;xsflatten:flatten&&Truefunction that checks whether a whole list of Booleans only contains elements).hd :: [a] -> ahd [x:_] = x tl :: [a] -> [a]tl [_:xs] = xs[]lastlast :: [a] -> alast [x] = xlast [x:xs] = last xs[x][x:[]]hdtllastinitinitbutyou need recursion again:init :: [a] -> [a]init [x] = []init [x:xs] = [x:init xs]hdtlinitlast[1,2,3]hdtllastinitconshdtllastthe init function new list parts are being constructed on the right-hand side of the functiondefinition.

list=[1,2,3]hdtl, init and last to this list.taketaketakedrop!

list=[1,2,3]drop 2, take 2 and ! 2 to this list.

I.3 Data Structures (Draft, 12 augustus 1997) take :: Int [a] -> [a]take n l=:[] = ltake n [x:xs] | n < 1 = [] | otherwise = [x:take (n-1) xs]drop :: int [a] -> [a]drop n l=:[] = ldrop n l=:[_:xs] | n<1 = l | otherwise = drop (n-1) xstakedropfoolproof1!xs!3fourthxsto:(!) infixl 9 :: [a] Int -> a(!) list n| n == 0= hd list| otherwise= tl list ! dec nweekdayweekday d =["Sunday","Monday","Tuesday","Wednesday",,"Thursday","Friday","Saturday"] ! dmapfoldrreversereverse []= []reverse [x:xs]= reverse xs ++ [x][1,2,3] list=[1,2,3]reversetion length. In the standard environment this function is defined equivalent with:

In this respect the functions shown here differ from the function provided in the StdEnv of Clean 1.2.

length :: [a] -> Intlength []= 0length [_:xs]= 1 + length xsisMemberisMemberisMember :: a [a] -> Bool | == aisMember e xs = or (map ((==)e) xs)xse==orTrueisMember :: a -> ([a] -> Bool) | == aisMember e = or o map ((==)e)The function notMember checks whether an element is not contained in a list:notMember e xs = not (isMember e xs)3.1.3Higher order functions on listsmapfiltermapxs map squarexs1625filterpredicate:xs filter isEvenxsmap :: (a->b) [a] -> [b]map f []= []map f [x:xs]= [f x : map f xs]filter :: (a->Bool) [a] -> [a]filter p []= []filter p [x:xs]| p x= [x : filter p xs]| otherwise= filter p xsA variant of the filter function is the function takeWhile. This function has, just like fil-terfiltertakeWhilethe given predicate. For example: takeWhileisEven[2,4,6,7,8,9] gives [2,4,6]. DifferentfiltertakeWhile

I.3 Data Structures (Draft, 12 augustus 1997) takeWhile :: (a->Bool) [a] -> [a]takeWhile p []= []takeWhile p [x:xs]| p x= [x : takeWhile p xs]| otherwise= []filterLike take goes with a function droptakeWhile goes with a function dropWhile. This leavesdropWhileisEven[2,4,6,7,8,9] equals [7,8,9]. Its definition reads:dropWhile :: (a->Bool) [a] -> [a]dropWhile p []= []dropWhile p [x:xs]| p x= dropWhile p xs| otherwise= [x:xs]3.1.4Sorting listsfunction.algorithmstion:sort :: [a] -> [a] | Ord asortaOrdsortT<TOrd<=><2Insert :: a [a] -> [a] | Ord aInsert e []= [e]Insert e [x:xs]| e<=x= [e,x : xs]| otherwise= [x : Insert e xs]exexexeInsert:Insert 5 [2,4,6,8,10]evaluates to [2,4,5,6,8,10]. Observe that when Insert is applied, the parameter list has toInsert[a,b,c,d]

2We use Insert instead of insert to avoid name conflist with the function defined in StdList isortisort [a,b,c,d] = d Insert (c Insert (b Insert (a Insert [])))isort :: [a] -> [a] | Ord aisort [] = []isort [a:x] = Insert a (isort x)insertone. This is what the function merge doesmerge :: [a] [a] -> [a] | Ord amerge [] ys= ysmerge xs []= xsmerge [x:xs] [y:ys]| x <= y= [x : merge xs [y:ys]]| otherwise= [y : merge [x:xs] ys]merge=:merge :: [a] [a] -> [a] | Ord amerge [] ys= ysmerge xs []= xsmerge p=:[x:xs]q=:[y:ys]| x <= y= [x : merge xs q]| otherwise= [y : merge p ys]insertmergemergemergemsort :: [a] -> [a] | Ord amsort xs| len<=1= xs| otherwise= merge (msort ys) (msort zs)whereys= take half xszs= drop half xshalf= len / 2len= length xsinsertmergefined and a function sort that works like isort3.1.5List comprehensions

StdList

I.3 Data Structures (Draft, 12 augustus 1997)

Vx2x˛NxV(x2N x˛ N xlistcomprehensionStart :: [Int]Start = [x*x \\ x <- [1..10]]xx110\\generatorsx<-xsxxsStart :: [Int]Start = map (\x -> x*x) [1..10]Start :: [Int]Start = [x*x \\ x <- [1..10] | x mod 2 == 0],Start :: [(Int,Int)]Start = [(x,y) \\ x<-[1..2], y<-[4..6]][(1,4),(1,5),(1,6),(2,4),(2,5),(2,6)]xy[4..6]&,ithStart :: [(Int,Int)]Start = [(x,y) \\ x<-[1..2] & y<-[4..6]][(1,4),(2,5)]&Start :: [(Int,Int)]Start = [(x,y) \\ x<-[1..5], y<-[1..x] | isEven x][(2,1),(2,2),(4,1),(4,2),(4,3),(4,4)] xisEvenxTruexxxisEvenx[1..x]yy(x,y)(<-mapfilterflattenStart :: [(Int,Int)]Start = flatten (map f (filter isEven [1..5]))wheref x = map g [1..x]whereg y = (x,y)mapfilterflattenmanner.map :: (a->b) [a] -> [b]map f l = [f x \\ x<-l]filter :: (a->Bool) [a] -> [a]filter p l = [x \\ x<-l | p x]sumisMemberreversetake++qsort :: [a] -> [a] | Ord aqsort [] = []qsort [a:xs] = qsort [x \\ x<-xs | x<a] ++ [a] ++ qsort [x \\ x<-xs | x>=a]3 . 2 3.2.1Enumerating all numbersfromfrom :: Int -> [Int]from n = [n : from (n+1)]Start=from5[5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,�

I.3 Data Structures (Draft, 12 augustus 1997) interrupted by the user.1000Start :: [Int]Start = map ((^)3) [1..10][3,9,27,81,243,729,2187,6561,19683,59049]takeWhile:Start :: [Int]Start = takeWhile ((>) 1000) (map ((^)3) [1..10])[3,9,27,81,243,729]10[1..][1..10]allbe enough�Start :: [Int]Start = takeWhile ((>) 1000) (map ((^)3) [1..])puted.takeWhiletakewhiletakeWhile>=1000maptakeWhile ((>) 5) (map ((^)) 3)

[1..]takeWhile ((>) 5) ( map ((^) 3) [1:[2..]]takeWhile ((>) 5) [

(^) 3 1:map ((^) 3) [2..]]

takeWhile ((>) 5) [3:map ((^) 3) [2..]][3:takeWhile ((>) 5) (map ((^) 3)

[2..])]since (>) 5 3 fi True[3:takeWhile ((>) 5) ( map ((^) 3) [2:[3..]])][3:takeWhile ((>) 5) [

(^) 3 2: map ((^) 3) [3..]]][3:

takeWhile ((>) 5) [9: map ((^) 3) [3..]][3:[]]since (>) 5 9 fi FalseStart :: [Int]Start = takeWhile ((>) 1000) [x^3 \\ x <- [1..]]Start :: [Int]Start = [x^3 \\ x <- [1..] | x^3 < 1000]Start :: [Int]Start = filter ((>) 1000) [x^3 \\ x <- [1..]]takeWhilefilter

3.2.2Lazy evaluationlazyevaluationreally from subsection 2.4.1 that tests whether a number is prime:prime :: Int -> Boolprime x = divisors x == [1,x]x[1,x]prime30301[1,30]302[1,30]==False30==(==) [x:xs] [y:ys] = x==y && xs==ysx==yFalse,xs==ysFalse&&(&&) False x = False(&&) True x = xFalse,such functions are sum and lengthsum(from1)length(from1)strict+&&FalseFalse!

I.3 Data Structures (Draft, 12 augustus 1997)

3.2.3Functions generating infinite listsStdEnumfunction repeat:repeat :: a -> [a]repeat x = [x : repeat x]The call repeat ’t’ returns the infinite list [’t’,’t’,’t’,’t’,�repeatrepeatnrepeatn :: Int a -> [a]repeatn n x = take n (repeat x)repeatnrepeatre-peatrepeatniterateiterate (+1) 3is[3,4,5,6,7,8,�iterate (*2) 1is[1,2,4,8,16,32,�iterate (/10) 5678is[5678,567,56,5,0,0,�iterateiterate :: (a->a) a -> [a]iterate f x = [x : iterate f (f x)]This function resembles the function until defined in subsection 2.3.2. The function untiluntiluntiliter-ateiterate3.2.4The list of all prime numbersprimefilter prime [2..]primeiterate[2..]:[2,3,4,5,6,7,8,9,10,11,�22[3,5,7,9,11,13,15,17,19,21,�3[5,7,11,13,17,19,23,25,29,31,�5[7,11,13,17,19,23,29,31,37,41,� iterate[2..]value:iterate crossout [2..]wherecrossout [x:xs]= filter (not o multiple x) xsmultiple x y= divisible y xyxyx [[2,3,4,5,6,7,8,9,10,11,12,13,14,� ,[3,5,7,9,11,13,15,17,19,21,23,25,27,� ,[5,7,11,13,17,19,23,25,29,31,35,37,41,� ,[7,11,13,17,19,23,29,31,37,41,43,47,49,� ,[11,13,17,19,23,29,31,37,41,43,47,51,53,� ,�headprimenums :: [Int]primenums = map head (iterate crossout [2..])wherecrossout [x:xs] = filter (not o (multiple x)) xsprimes :: [Int]primes = sieve [2..]sieve :: [Int] -> [Int]sieve [prime:rest] = [prime: sieve [i \\ i <- rest | i mod prime <> 0]]3 . 3 Tuplestuple

Figure 3.7 Pictorial representation of the tuple (’a’,1,False) of type (Char,Int,Bool)(1,’a’)

I.3 Data Structures (Draft, 12 augustus 1997)

("foo",True,2)a tuple with three elements: the string foo, the Boolean True andthe number 2([1,2],sqrt)[1,2]sqrt;(1,(2,3))1the numbers 2 and 3(1,’a’):: (Int,Char)("foo",True,2):: (String,Bool,Int)([1,2],sqrt):: ([Int],Real->Real)(1,(2,3)):: (Int,(Int,Int))pairfst :: (a,b) -> afst (x,y) = xsnd :: (a,b) -> bsnd (x,y) = yf :: (Int,Char) -> [Char]f (n,c) = intChars n ++ [c]splitAttakedropsplitAt :: Int [a] -> ([a],[a])splitAt n xs = (take n xs,drop n xs)splitAtsplitAt :: Int [a] -> ([a],[a])splitAt 0 xs= ([] ,xs)splitAt n []= ([] ,[])splitAt n [x:xs]= ([x:ys],zs)where(ys,zs) = splitAt (n-1) xssplitAtselectorsplitAt n [x:xs]= ([x:ys],zs)where(ys,zs) = splitAt (n-1) xsthe result of the function splitAtsplitAt[’clean’]([’cl’],[’ean’])match (here (ys,zs)).

sumlengthaverage=sum˚/˚toReallengthsumlengthRealIntsumlengthaverage :: [Real] -> Realaverage list = mysum / toReal mylengthwhere(mysum,mylength) = sumlength list 0.0 0sumlength :: [Real] Real Int -> (Real,Int)sumlength [x:xs] sum length = sumlength xs (sum+x) (length+1)sumlength [] sum length = (sum,length)average :: [t] -> t | +, zero, one taverage list = mysum / mylengthwhere(mysum,mylength) = sumlength list zero zerosumlength :: [t] t t -> (t,t) | +, one tsumlength [x:xs] sum length = sumlength xs (sum+x) (length+one)sumlength [] sum length = (sum,length)3.3.1Tuples and listssearch :: [(a,b)] a -> b | == asearch [(x,y):ts] s| x == s= y| otherwise= search ts ssearch==searchtelephoneNr = search telephoneDirectorytranslation = search dictionarywhere telephoneDirectory and dictionary can be separately defined as constants.zipzip[1,2,3][’abc’][(1,’a’),(2,’b’),(3,’c’)]. If the two lists are not of equal length, the shortest determineszip :: [a] [b] -> [(a,b)]zip [] ys = []zip xs [] = []zip [x:xs] [y:ys] = [(x,y) : zip xs ys]zipzipzip :: [a] [b] -> [(a,b)]zip as bs = [(a,b) \\ a <- as & b <- bs]Real

I.3 Data Structures (Draft, 12 augustus 1997)

2functions working on points, e.g. ‘distance to the origin’. The function distanceL is the listversion, distanceT the tuple version:distanceL :: [Real] -> RealdistanceL [x,y] = sqrt (x*x+y*y)distanceT :: (Real,Real) -> RealdistanceT (x,y) = sqrt (x*x+y*y)distanceTtanceLdistanceL3 . 4 Records:: Personname:: Stringbirthdate:: (Int,Int,Int)cleanuser:: Bool::

PersonSomePerson :: PersonSomePersonname= "Rinus"birthdate= (10,26,1952)cleanuser= Truefieldname=fst :: (a,b) -> afst (x,y) = x

:: Two a bfirst:: asecond:: bTwofstR :: (Two a b) -> afstR {first} = firstIsCleanUser :: Person -> StringIsCleanUser {cleanuser = True}= "Yes"IsCleanUser _= "No".instance:GetPersonName :: Person -> StringGetPersonName person = person.nameChangePersonName :: Person String -> PersonChangePersonName person newname = {person & name = newname}namenewname&changed.AnotherPerson :: PersonAnotherPerson = {Personname= "Pieter"birthdate= (7,3,1957)cleanuser= Truechanges. For instance, assume that one has defined::: Pointx :: Realy :: RealMovePoint :: Point (Real,Real) -> PointMovePoint p (dx,dy) = {p & x = p.x + dx, y = p.y + dy}Point:: Pointx :: Realy :: Realc :: Color

I.3 Data Structures (Draft, 12 augustus 1997)

ColorPointMovePointPointnew point.3.4.1Rational numbersbersQratioRealmust be exact, such that the outcome of

+ and not the Real 0.833333:: Q ={ num :: Int, den :: IntQZero= {num = 0,den = 1}QOne= {num = 1,den = 1}QTwo= {num = 2,den = 1}QHalf= {num = 1,den = 2}QThird= {num = 1,den = 3}QQuarter= {num = 1,den = 4}*/+-half can be represented by {num=1,den=2}, but also by {num=2,den=4} and {num=17,den=34}simplifysimplifygcdsimplifysimplify :: Q -> Qsimplify {num=n,den=d}| d == 0 = abort "denominator of Q is 0!"| d < 0 = {num = ~n / g, den = ~d / g}| otherwise = {num = n / g, den = d / g}whereg = gcd n dgcdxyxying divisors and divisible from subsection 2.4.1.gcd :: Int Int -> Intgcd x y = last (filter (divisible (abs y)) (divisors (abs x)))gcd gcd :: Int Int -> Intgcd x y = gcd’ (abs x) (abs y)wheregcd’ x 0 = xgcd’ x y = gcd’ y (x mod y)xydxmodyx-(x/y)*y) ).simplifyQmkQ :: x x -> Q | toInt xmkQ n d = simplify {num = toInt n, den = toInt d}

*1012instance * Qwhere (*) q1 q2 = mkQ (q1.num*q2.num) (q1.den*q2.den)instance / Qwhere (/) q1 q2 = mkQ (q1.num*q2.den) (q1.den*q2.num)

+10= 1040

+1240

22401120instance + Qwhere (+) q1 q2 = mkQ (q1.num * q2.den + q1.den * q2.num) (q1.den * q2.den)instance - Qwhere (-) q1 q2 = mkQ (q1.num * q2.den - q1.den * q2.num) (q1.den * q2.den)enough, you can define a function toString:instance toString Qwhere toString q| sq.den==1= toString sq.num| otherwise= toString sq.num +++ "/" +++ toString sq.den wheresq = simplify q3 . 5 ArraysarrayallsameindexMyArray :: {Int}MyArray = {1,3,5,7,9}{Int}of Int’.

I.3 Data Structures (Draft, 12 augustus 1997)

{1,3,5,7,9}MyList :: [Int]MyList = [1,3,5,7,9]!i˚thinstanceMyList!25iaa.[i]MyArray.[2]5i˚thi˚th!ii˚thone‡nn3.5.1comprehension’s. For instance, if ArrayA is an array and ListA a list, thenNewArray = {elem \\ elem <- ListA}ListANewList = [elem \\ elem <-: ArrayA]<-<-:MapArray f a = {f e \\ e <-: a}

3.5.2{Int}!{!Int}IntRealCharBoolun-#{#Int}MyUnboxedArray :: {#Int}MyUnboxedArray = {1,3,5,7,9}

{1,3,5,7,9}differ-entunboxedCharlazyCharstring{#Char}StdString"abc"{’a’,’b’,’c’}[’abc’]equivalent with the list of characters [’a’,’b’,’c’]3.5.3Array5{1,3,5,7,9}follows:{Array5 & [0]=1,[1]=3,[2]=5,[3]=7,[4]=9}{Array5 & [1]=3,[0]=1,[3]=7,[4]=9,[2]=5}{1,3,5,7,9}{Array5 & [i]=2*i+1 \\ i <- [0..4]}{Array5 & [i]=elem \\ elem <- [1,3..9] & i <- [0..4]}destructively

I.3 Data Structures (Draft, 12 augustus 1997)

3.5.4CopyFirst :: Int *{#a} -> {#a} | ArrayElem aCopyFirst j a=:{[0]=a0} = {a & [j] = a0}CopyElem :: Int Int *{#a} -> {#a} | ArrayElem aCopyElem i j a=:{[i]=ai} = {a & [j] = ai}CopyCond :: Int Int *{#a} -> {#a} | ArrayElem, ==, zero aCopyCond i j a=:{[i]=ai, [j]=aj} | a.[0]==zero= {a & [j] = ai}= {a & [i] = aj}notCopyElemCopyElem2 :: Int Int *{#a} -> {#a} | ArrayElem aCopyElem2 i j a = {a & [j] = a.[i]}a.[i]let!construct:CopyElem3 :: Int Int *{#a} -> {#a} | ArrayElem aCopyElem3 i j a = let! ai = a.[i] in {a & [j] = ai}inai3 . 6 self.[x:xs]length :: [t] -> Intlength []= 0length [x:xs]= 1 + length xs:: Day = Mon | Tue | Wed | Thu | Fri | Sat | SunDayintroduces seven new constants that have this type Day (MonTueWedThuFriSatSun). These

IsWeekend Sat = TrueIsWeekend Sun = TrueIsWeekend _ = FalseoneDay, Tue::Day, and so on. And therefore, the type of IsWeekend is:IsWeekend :: Day -> BoolDayweek has number 0 or number 1DayDay42DayDayMonthdaynumberexample::: Employee= {name:: String ,gender:: Gender , birthdate:: Date , cleanuser:: Bool }:: Date= {day:: Int ,month:: Int , year:: Int }:: Gender= Male | FemaleWeekDayOfBirth :: Employee -> DayWeekDayOfBirth {birthdate=:{day,month,year}} = [Sun, Mon, Tue, Wed, Thu, Fri, Sat] ! daynumber day month yeardaynumberAnEmployee :: EmployeeAnEmployee = { name = "Pieter" , gender = Male , birthdate = {year = 1957, month = 7, day = 3}

I.3 Data Structures (Draft, 12 augustus 1997)

, cleanuser = True}3.6.1Tree definitions:: Tree a= Node a (Tree a) (Tree a)| Leafaa1Nodeaa2LeafNodeLeafare two new constants. Node is a data constructor of arity three (Node::a(Treea)(Treea)->(Treea)LeafLeaf::TreeaTreeNode 4(Node 2(Node 1 Leaf Leaf)(Node 3 Leaf Leaf)(Node 6(Node 5 Leaf Leaf)(Node 7 Leaf Leaf)Node 4(Node 2(Node 1 Leaf Leaf)(Node 3 Leaf Leaf))(Node 6(Node 5 Leaf Leaf)(Node 7 Leaf Leaf))

Node 7(Node 3(Node 5 Leaf Leaf)LeafLeaf

Nodetree:sizeT :: Tree a -> IntsizeT Leaf= 0sizeT (Node x p q)= 1 + sizeT p + sizeT qCompare this function to the function length on lists.Tree):: Tree2 a= Node2 (Tree2 a) (Tree2 a)| Leaf2 a:: Tree3 a b= Node3 a (Tree3 a b) (Tree3 a b)| Leaf3 b:: Tree4 a= Node4 a (Tree4 a) (Tree4 a) (Tree4 a)| Leaf4:: Tree5 a= Node5 a [Tree5 a]node with no outward branches.Trees in which every node only has one outward branch::: Tree6 a= Node6 a (Tree6 a) | Leaf6:: Tree7 a b= Node7a Int a (Tree7 a b) (Tree7 a b)| Node7b Char (Tree7 a b)| Leaf7a b| Leaf7b Int3.6.2isMemberTruepresent in a list. Whether this function is defined using the standard functions map and orisMember :: a -> [a] -> Bool | Eq aisMember e xs = or (map ((==)e) xs)isMember e []= FalseisMember e [x:xs]= x==e || isMember e xsTrueEq),Ord):elem’ :: a -> [a] -> Bool | Eq, Ord aelem’ e [] = Falseelem’ e [x:xs]= e == x || (e > x && elem’ e xs)

I.3 Data Structures (Draft, 12 augustus 1997) from the previous paragraph::: Tree a= Node a (Tree a) (Tree a)| Leafsmallergreatertree.el-emTreeelemTree :: a (Tree a) -> Bool | Eq, Ord aelemTree e Leaf= FalseelemTree e (Node x le ri)| e==x= True| e<x= elemTree e le| e>x= elemTree e riisMembernnisMember, but only 2log n steps with elemTreesearch from subsection 3.3.1 can achieve enormous speed gains by using search trees.insertinsertTreeinsertTree :: a (Tree a) -> Tree a | Ord ainsertTree e Leaf= Node e Leaf LeafinsertTree e (Node x le ri)| e<=x= Node x (insertTree e le) ri| e>x= Node x le (insertTree e ri)LeafexeinsertTreeinsertTree :: a (Tree a) -> Tree a | Ord, Eq ainsertTree e Leaf= Node e Leaf LeafinsertTree e node=:(Node x le ri)| e<x= Node x (insertTree e le) ri| e==x= node| e>x= Node x le (insertTree e ri) insertTreetree:listToTree :: [a] -> Tree a | Ord, Eq alistToTree [] = LeaflistToTree [x:xs] = insertTree x (listToTree xs)foldrlistToTree :: ([a] -> Tree a) | Ord, Eq alistToTree = foldr insertTree LeafCompare this function to isort in subsection 3.1.4.listToTreeStart = listToTree [1..7]Node 7 (Node 6 (Node 5 (Node 4 (Node 3 (Node 2 (Node 1 Leaf Leaf) Leaf) Leaf)Leaf) Leaf) Leaf) LeafNode 4(Node 2(Node 1 Leaf Leaf)(Node 3 Leaf Leaf)(Node 6(Node 5 Leaf Leaf)(Node 7 Leaf Leaf)3.6.3Sorting using search treeslabels :: (Tree a) -> [a]labels Leaf= []labels (Node x le ri)= labels le ++ [x] ++ labels rilabelinsertTreexlistToTreethan summing up the elements in the right order with labels:tsort :: ([a] -> [a]) | Eq, Ord atsort = labels o listToTree3.6.4insertTree;deleteTree :: a (Tree a) -> (Tree a) | Eq, Ord adeleteTree e Leaf= Leaf

I.3 Data Structures (Draft, 12 augustus 1997) deleteTree e (Node x le ri)| e<x= Node x (deleteTree e le) ri| e==x= join le ri| e>x= Node x le (deleteTree e ri)e==xjoinjoin :: (Tree a) (Tree a) -> (Tree a)join Leaf b2 = b2join b1 b2 = Node x b1’ b2where(x,b1’) = largest b1largestlargest :: (Tree a) -> (a,(Tree a))largest (Node x b1 Leaf) = (x,b1)largest (Node x b1 b2) = (y,Node x b1 b2’)where(y,b2’) = largest b2largestjoinLeafjoin3 . 7 Daydefinition module day:: Day = Mon | Tue | Wed | Thu | Fri | Sat | Sunnamedefinition module day:: Day definition module stack:: Stack aEmpty:: (Stack a)isEmpty:: (Stack a) -> BoolTop:: (Stack a) -> aPush:: a (Stack a) -> Stack aPop:: (Stack a) -> Stack aEmptyaPushPopTopwhether a given stack is empty or not (implementation module stack::Stack a :== [a]Empty :: (Stack a)Empty = []isEmpty :: (Stack a) -> BoolisEmpty[]= TrueisEmpty= FalseTop :: (Stack a) -> aTop [e:s] =Push :: a (Stack a) -> Stack aPush e s = [e:s]Pop :: (Stack a) -> Stack aPop [e:s] =3 . 8 3.8.1Non-terminationStart :: StringStart = f 42f :: t -> uf x = f x

I.3 Data Structures (Draft, 12 augustus 1997)

Start :: [Int]Start = ones where ones = [1:ones]Start :: [Int]Start = take 20 primes3.8.2Partial functionsfac :: Int -> Intfac 0 = 1fac n = n * fac (n-1)depth :: (Tree a) -> Intdepth (Node _ l r) = max (depth l) (depth r)fac0depthwarning:fac1 :: Int -> Intfac1 0 = 1fac1 n | n>0 = n * fac1 (n-1) = abort "fac1 has an negative argument"fac2 :: Int -> Intfac2 0 = 1fac2 n | n>0 = n * fac2 (n-1)messages:fac1fac2fac fac3 :: Int -> Intfac3 n | n >= 0 = f nwheref 0 = 1f n = n * f(n-1)fac4 n | n < 1 = 0 = n * fac4 (n-1)3.8.3sort these numbers by an adapted version of the function mergeham :: [Int]ham =: merge [n*2 \\ n <- ham] [n*3 \\ n <- ham]wheremerge l=:[a:x]m=:[b:y]| a<b= [a:merge x m]| a==b= merge l y| otherwise= [b: merge l y]Start::[Int]Start = take 100 Hammerge030ham :: [Int]ham =: [1:merge [n*2 \\ n <- ham] [n*3 \\ n <- ham]]wheremerge l=:[a:x]m=:[b:y]| a<b= [a:merge x m]| a==b= merge l y| otherwise= [b: merge l y]bers, but compute these numbers again as in:ham :: [Int]ham = merge [n*2 \\ n <- ham] [n*3 \\ n <- ham]wheremerge l=:[a:x]m=:[b:y]| a<b= [a:merge x m]| a==b= merge l y| otherwise= [b: merge l y]ham

I.3 Data Structures (Draft, 12 augustus 1997)

3.8.4error.’.Start :: StringStart = f 42f :: t -> uf x = f (f x)Start f 42f (f 42) f (f (f 42))fffStart :: StringStart = f 42f :: !t -> uf x = f (f x)Start f 42f ( f 42f (f ( f 42))

3 . 9 ExercisesEquality on tuples can be defined as:(==) (a,b) (c,d) = a == c && b == dactually not recursive.Define the function flatten (see Section 3.1.2) in terms of foldr and ++x==yxs==ys==’simplified’.