First-order languages and logic



Structures, signatures, and languages

Aring R =(R,+,-,0,1)

Signatu re <2, 2,0, O>Z arity of the functions, constants as O-ary fcts

An ordered field £ = (K, +,-,—, 10,1, <)
Signature <2, 2,1,1,0,0; 2>: —, ! as unary operations

Language for R: (f., f., co, 1)
Language for KC: <f+7f-7f—7f_17007cl7 <> or <f+7f'7f—7f_17007617R>

each function- or relation-symbol comes with an arity

Abstract syntax of first order L

variables
terms
atoms
formulas

\Y

t
A
F

x | V

V| £(t1,...,ts) (arity of f is k)
Ll t=t | R(t1,...,tx) (arity of R is k)
A | F=F | FVF | FAF | VW F | dV F
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Interpretation of terms

S=(X,F,...,F,, P,..., P,) with given arities
symbols in language (f1,..., fn, R1,..., Ry)

Interpretation of terms t in S depending on a valuation p: V—X

t (1),

x p(x)
flt, . te) | F(R)35, .., (t)3)
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Satisfaction

Satisfaction depending on p of a formula in &

S,pEL
S,pEt =t
S,pE AV A
S,.pE AN A
S,pE Ai—A
S,pEVzA
S,pEdxA

0

(A A A

NEVEr

(t1)5

S,p
S,p
S,p

= (t2)5
= Ay or S, p }: Ay
:Al and 8,/0 ):AQ

= A, implies S, p = A

S,plr :=a] E A, for all ae X
S,plx :=al = A, for some aeX

Defining =F := (F—_1) we get

S,pE-F < S pEF
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Consistency, completeness

SEA & forall p|S,pE Al

[' stands for a set of formulas

SETD <« forall AeTl'|S E A]

'EA & forallSSET = S EA]
[ is inconsistent iff ' = A & I' = —A, for some AcF
" is complete iff ' = A or I' = —A, for all AcF
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Propositional logic

I'A I'A-B I A+ B
—-E —-|
I'-AB I'-A—B
I'-AANB T'THAAB I'-A I'HB
A-E A-|
I A I'+B FEAANB
'-AvbB TVAEC T'HC r'-A I'-B
V-E V-
I'-cC '-AvB THAVB
AcT Tk L I —AF L
(classical logic)
r'-A TFA A
Abbreviations I'A standsfor (F A

—-A stands for A—_

A< B standsfor (A— B)A (B — A)

Admissible rules
'-A I'+=-A T AEF L ''-rA—~B I'+rA«—~B I'mA—-B TI'kFB—A

I'=_1 I'-A I'-rA—-B I'FB—A I'HA+— B
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Predicate logic

' VzA(x) ' A
V-E V-l z ¢ FV(D)
' A(t) I'-VzA(x)
— JrA(z) T,A(z)+ B . I'HA()
' B ['F3dxA(x)
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Soundness and completeness

'A = T E=A, soundness

'EA = I'FA,  completeness (Godel [1930])
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Exercises

- A—A

F(A— (A— B)) — (A— B)
= (AV -A)

- —drA(x) <« Ve—-A(x)

- Ve A(z) « dzA(x)

Show that I' = A is equivalent to the notion as in lecture notes
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