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(Un)typed lambda calculus

Untyped terms

term ::= var | ter ter | Avar ter
var ::= x | var’

Types

type ::= atom | type—type

atom ::= « | atom’

Type-assignment to terms A— (Curry [1934])

v Ael
'xz: A

r-mM:.:A—-B I'FFN:A T,x:A-M:B
I'-MN :B I'-Xe.M : A—B




Recursive types A=

The A— types are freely generated from the atoms

The recursive types A= equate certain of these types

The equation A = A— B has as consequence
- A \r.xx A
- (\z.xx)(Ax.zx) : B

There are many ways to make identifications —— type algebras

T = <T, —>>



Intersection types AN

Type-assignment to terms AN

rv:Ael
'z: A

I'-mM:A—-B T'THFN:A TI'z:A-M:B

I'-MN:B I'-Xe.M: A—B
FI—MAlﬂAQ F"MAl F"MAQ
Pl_MAz I’I—M:AlﬂAg

'-M:A A<B
'-M:B

I'=M:Q




Intersection Type Structures

Now we work with intersection type structures
T =(T,—,<,N,Q)

- A r.xx: (AN (A—B))—B
- (Ax.xz)(Az.xx) : Q



Subject Reduction

In A— one has

FFM‘A} TFN:A

M —g N

This also holds for AN, for many intersection type structures 7

The converse, subject expansion, does not hold for A—

I'-N: A
M—»gN} A I'FEM:A

= A\ry.y : A=B—DB and SK —3 \zy.y
but t/ SK : A—B—DB

In fact one ‘only’ has

- SK : (B—(C)—B—B



Subject expansion for AN

Suppose

where P=...x...z...z...

so...0...Q0...Q0...: A

Each of these occurrences of () may need another type B;, By, Bs
But then we can give A\x.P the type B; N By N B3—A

Hence the §-expansion (Az.P)(Q also the type A

If the number of occurrences of = in P is 0,
then we may give to \z.P the type Q—A
which is consistent as the empty intersection

again

F(\z.P)Q: A



Undecidablity of inhabitation Urzyczyn [1994]

For several 7 one has
IMeN FT M- As undecidable,

as a predicate in A.



Special Intersection Type Structures

Let 7 = (T, —, <,M, ) be an intersection type structure

T is natural iff

A<Q ()
0 < (0-0) ()
(A-B)N(A—-C) < A—-BnC (—nN)
AA<A&B<B = (A—-B)<(A—=B') (n)

T is B-sound iff
forall k> 1andall Ay,..., Ay, By1,..., By, C, D€ET one has

(Ai—=B1)N...N(Ay—Bx) < (C—=D) == C<A;N...NA, &B;;N...NB;, <D,

forsomep>0and 1 <iy,...,7p, <k

B-soundness of 7 implies that subject reduction holds in AN7
(Coppo, Dezani, Honsell, Longo [1984])



A model for A3 (Barendregt, Coppo, Dezani [1983])

Therefore

FI—M:A} PE N A

M= N

so (for closed M)
Xy={A| +-M: A}

looks like a A-model. Indeed, such a set is a filter of types. | A, BeXx = (AN B)eX
B > AeX = BeX

For filters X, Y one can define application
XY ={B| dJAeY (A—B)eX}
is well defined and one has (for many intersection type structures)
XuXN =XunN

Given an intersection type structure 7, then 77 = {X C T | X is a filter}

is the filter structure over 7. If 7 is B-sound it is a A-model.



Extensionality

7 is extensional iff

for all A€T there are é, é,ﬁ,ﬁ, with C' = Ch,...,Ck, k£ > 0 not the top, and

(B1—C1)N...N(Br—Cr) N (Brr1—2)N...N(B,—Q) < A
& A S (DllﬁEll)ﬂ...ﬂ(D1m1—>E1m1)m

(Dk1—>Ek1) MN...N (kakHEkmk)
& B; < D“ﬂ...ﬂDimi&Eilﬂ...ﬂEZ‘mi < (},
forl < <k.

It is enough that every type A one has
A~ (B1—=Ci)N...N(Bpy—Cg)or A> (B1—Q2)N...N(B,—N)



Filter models

For these models one has
TEM=N © VAeT[F M : A & F N : A

Several known models can be written as — 77T for some simple T

New models can be constructed in this way, obtaining wanted properties



Meet semi lattices: MISL and Algebraic lattices:

A meet semi lattice is a structure with top S = (S, <, N, Q).

An algebraic lattice is a complete lattice :
with countably many compact elements

such that every element is the supremum of capacta below it.

The categories MSL and are equivalent.
MSL
S — S
K(D) <

(D) = ({deD]d is compact}, <) with d < ¢ <
= ({X CS|Xisafilter}, ,U). One has

K(P)

K(79)

10

V5
10



Detalils

Let S, S’ be meet semi-lattices with top

A relation 1 C S x S’ is an approximable mapping between S and S’ iff

for all s,t€S and s',t',t),theS’

(@) QpY
(b) t<spus <t = tut
() spti&spth, = sp(t)Nt))

M(S,8") = {i| it is an appoximable mapping between S and S’}
This makes MISL into a category

On one considers Scott continuous maps as morphisms



Natural Type Structures N'T'S and Natural Lambda Structures

Both categories are being strengthened: An MSL S = (S, <, N, Q) enriched with
an arrow, becomes a intersection type structure

S =(5,~,<,N, Q)

If we require naturality we obtain the category NT'S.

A Is an De enriched with operators

such that

As before, NTS and are equivalent: D = 7X) and § 2 [C(FF), where

IC(D) = ({d|d is compact},~», <) with d ~»
S=({X CS|Xis a filter}, ), with

(X)(Y) XY,

= T{a—beS | bef(Ta)}.



Classical models

depends on and the pair
Scott took
For the resulting one has

Scott

with type structure Scott obtained by atoms {1 <0 = Q} with 0~ 1 =1.

Park took

For the resulting one has

Park

with type structure Park obtained by atoms {1 <0 = Q} with 1~ 1 =1.



New models

Coppo, Dezani and Zacchi [1987]
0<1<Qltwithl~0=0, 0~1=1 ives a model D = 7°PZ with
{ f : g

M hasanf < [M]" D11
This model D also can be described in a traditional way

Do ={QC1C0}

i0(0)=1=0

Jo(f) = L{deDy | io(d) E f}

and one has
M hasanf < [M]"7~ 01



VM = (\z.xx)(Az.xx) = M (Fabio Alessi [1991])

Define

3.
4.

G:vn—{—l
vn—l—l

1 w;

(A—=B)N (A—=C) < (A—=(BnNnC(C))
(A <Q)

Q ~ (Q2—Q)

O—w ~ w

AA<A B<PB

(A—B) < (A'=D')
(Cvn U {€<n,m> | mEN}

where (W, m))men is any enumeration of the set

Finally set Vj, as follows:

(AR M A

cv =T V= V.

neN neN



The strict story: Al-models

® same objects as but strict maps as morphisms:

® elements of extended with F' : [D—,[D—D]], G : [[D—sD]—sD).

MSL? consisting of S = (S, <,N) not necessarily with a top.

NTS? elements of NTS® extended with ~» s.t. it is restricted natural
(A—=B)N(A—=C) < A—-BnC (—-N)
AA<A&B<B = (A—-B)<(A'-=B') (n)

S = {X CS|Xisa strict filter over S} (allowing the empty filter)

KAP) = K(P)/L

As before, NT'S® and ° are equivalent

10

ISCS( ) and S > ICs( S)

S

In this way models of the Al-calculus can be obtained.



A proper Al-model (Honsell, Lenisa [1999])

Define the intersection type structure

§ = (T({p.w})/ ~ <N, —)

with w < ¢ and (p—w) ~w, (W—p) ~ .

Then

°is a Al-model.

One has

Th(F<) is the unique maximal sensible Al-theory.

It is extensional and equates all terms without nf.



