Languages & Automata



Overview

Main topics
Languages: regular context-free [context-sensitive] [enumerable]
[natural languages?]
Automata:  finite push-down [bounded Turing machine]  [Turing machine]
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Alphabet

An alphabet ¥ is a (finite) set of symbols

Examples

{a}

{0,1}

{A,C,G, T}
{a,b,c,d,...,z,y,2z}

{s | s is an ascii symbol}
{8, Ry By &y B & L VLB vad
Japanese alphabet: 2 X 52 signs

{d B & oKX

Chinese alphabet: 4 40.000 signs

{0,1,4+, X, xo,x1,T2,...}

mathematical alphabet, number of signs: countably infinite
{0,1, 4, X, xo0, 1, T2,...} U{c, | reER}

mathematical alphabet, number of signs uncountably infinite
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Words

A word (string) over X is a finite list of elements from X

The set Y* consists of all words over .

Inductive generation of words
AEXT, A is the empty word
wed” = wseX”, forall seX

Note the difference between a€Y) and aeX”

Think of a word as a chain of letters on a necklace:
AN = —

Fva = —FE-wv-a—

The difference between a and —a— is clear
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Language 3
A language over X is a subset of >.*, notation L C »*

Examples

L1 = {we{a, b}” | abba does occur as substring of w}
Lo = {wé&{a,b}” | abba does not occur as substring of w}

Operations on words

UEX, SEY. = useX’ part of def. of words
ueX", veX® = wu-+veEX®  concatenation
uex™, neN = u"ed” repeating words
Inductive definitions
U+ = u w o=\
u+ (vs) = (u+wv)s| | = uF+u

usually we write concatenation u + v as uv
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Examples of languages

Let > = {a, b, c}.
1. Ly ={a" | neN is even}
2. Ly = {a"b" | neN}
3. Ly ={a™b"c" | neN}
4. Ly ={a" | neN is prime}
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Operation on languages (easy!) 5

Given languages Ly, Lo, L C >2* we can define
L1 U Ly
L1 Lo
I

again languages over X

LiULy, = {w]|wel, or wely}
LiLy = {wjwy | wi€ly & wo€ls}
L’ = {\}
Lt = "L
L = |Jrr=L'vL'uLu...

neN

#+ {w" | welL, neN}
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Regular expressions & languages over X 0

Let > = {a,b}. Then a(ba)*bb is a regular expression denoting

L = {a(ba)"bb | neN}
= {abb, ababb, abababb, ababababb, . .., a(ba)"bb, ...}

For general X2 the regular expressions over X are generated by

rexp. :=0 | )| s | rexp. rex rexp. U rex rexp:
Py ‘ ‘ | Py P2| Py P2| Py

with s€X’

This means ()€rexps,, A€rexpy, and s€rexpy, for s€X
and

e1,e0€rexpy, = (e1 U eg)Erexps,
e1,e0€rexpy, = (e1es)Erexps

ecrexps, = (e")Erexps

For example (abb)*(a U \) is a regular expression
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Regular languages [

For a regular expression ¢ over 3. we define the language L(¢) C 3*:

L)y =0
LA) = {M
L(s) = {s}
L(ejes) = L(ey)L(es)
L(eyUey) = L(ey)U L(es)
L(e*) = L(e)*

A language L is called regular if L = L(e) for some e€rexp

Examples
L = {w | bb occurs in w} over X = {a, b} is regular:

L=L((aUb)bb(aUb)")
Also L' = ¥* — L = {w | bb does not occur in w}:
L' = L(a" (baa™)* U a"(baa™)"b)
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To come

Finite Automata —
Push-down Automata —
Bounded Turing Machines —
Turing Machines —

Regular Languages
Context-free Languages
Context-sensitive Languages
Enumerable Languages

Topics described on the last two lines are treated in other lectures
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