Peano Arithmetic



The theory PA

Definition. For a formula ¢ its V-closure, notation cl(yp), is
VZ.p=Vr... 0.0 =Vo(... (Va,.0)..)
where FV(¢) = {7}

Definition. Peano Arithmetic is the first order theory with equality in
the language with signature (2,2, 0,0; 2)

The function symbols are denoted by +, x,0, 1
Alternatively one could take (2,2,1,0;2) and write +, x, 5,0

Axioms of PA are the closures of alternatively

x+1+#0 S(z) #0

rHl=y+loz=y S(x) = S(y)—a =y

[2(0) AVy-(p(y) =y + 1) =Yy.0(y) | | [#(0) AVy-(p(y) = (S(y)))]=Vy-e(y)
r+0=z,2+(y+1)=(+y) +1 r+0=z,z+ Sy =S(x+vy)
rx0=0,zx(y+1)=(rxy)+x rx0=0,zx Sy)=(rxy)+x
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Peano’'s axiomatization

Basically this is in second order logic

We axiomatize (N, .S, 0)

0eN
reN — S(z)eN
0 # S(x)
S(x)=5(y) — xz=y
VX CN.[0eX & Vy.lyeX—S(y)eX] — X =N]

The operations +, X are defined by

r+0 = x rx0 = 0
r+5(y) = Sle+y) zxSy) = (@xy)+a
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First results: arithmetic

PA +
PA +
PA F
PA F
PA +
PA F
PA +
PA F

r=0 V
r+ (y+2)
T +Yy
r X (y X z)
T Xy =
rX(y+z) =

Jy.x = S(y)
(z+y)+2
y+x

(x X y) X 2
Yy X x
TXY+ax Xz

2£O0NxXz2=yX2z — =1

rx1 =

X
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Order

Define v < y := dz.x + S(2) = y. Then

PAF o & o

PAFrz<yANy<z—zxz<z

PAFz<yVz=yVy<czx

PAFz<y— (y=5(x)V S <y)

PAF x < S(x)

PA F Jw.p(w) — Jy.[v(y) AVr < y.—p(x)] least number principle

Definexr <y =z<yVax=y
PA - Vw| Yy<w.y(y) — Y(w)] — Yw.y(w)
%,—/

induction hypothesis

This is course of value induction
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Proof of course of value induction

By (—-I) suffices to show

Vw[Vy<w.p(y) — (w)] Fea Yw.yh(w)

We prove something stronger (induction loading)

VwVy<w.p(y) — ¥(w)] Fpa YwVy<w.1)(y)
Case w = 0, that is Vy<0.¢(y). Trivial, as y £ 0.

Case w + 1, that is Vy<w.y(y) — Vy<(w + 1).9(y).

From Vy<w.y(y) and Yw|Vy<w.)(y) — ¥ (w)] we get (w).

But then indeed Vy<(w + 1).9(y),

asy< (w+1l)—y<wVy=w. N
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Simple number theory

PA F Vzy.(y # 0 — JaTb<y.[r = ay + b])

Definition
rly = FJz.(xz=vy)
irred(x) = Vd<z|dlr — d=1]
prime(x) = x>1AVyzlz|lyz — x|y V z|2]

Proposition PA = Vx>1.|irred(x) « prime(x)]
Proposition PA = Vx>13v.(prime(v) A v|z)
Exercise Prove ‘There are infinitely many primes’

That is PA F Vz3dy>x.prime(y)

Week 7 Incompleteness of Arithmetic

Spring 2010



Powers

Define
pow(x,v) = a>1Aprime(v) AVw<z.Jw>1 A w|r — v|w]
& k.o = v A prime(v)”
pp(x) = FJv<z.pow(x,v)

& “odk.z = v A prime(v)”
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Definitional extensions

Let ¥ = x1,...,2,. Suppose we can show
PA - V2 3ly.o(Z, y)
We can introduce a new function symbol f, of arity n and postulate

Theorem. This definitional extension of PA is equally strong as PA.

Proof idea. Systematically translate

b(f(Z))

by

Jy.[p(Z,y) ANP(y)]. B

].
For example we can do this for p(zq, x2)
(y=0Ax <x9) VI =y + T2

For the resulting f,(x1, x2) we write 21 —x9 := if x1 > 22 then 21 — 2 else0
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A new function

Define
z | vi= max{keN|v” |z}
513 = 1
63 = 3
813 =9
413 = 27

We can use [ in PA since | = f, with

p(z,v,y) == [pow(y,v) Aylz Ayv [z]

where we have to check the Vd!-condition for ¢

Week 7 Incompleteness of Arithmetic Spring 2010



Known functions

For
Y(x,y,z) = zyF#0Az|z Aylz AVu.|xzlv A ylv — z|v]
Vizy = 0A z =0

we get f, = lcm
Similarly

x(x,y,z) = z|lx A zly AVu.v|lz Avly — v|z] Alzy =0 — 2 =0

gives [, = gecd
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Provable results

PAF z|y < Yv<z.[]pp(v) A v|lx — v|y] (4.1.4)
PAF Vz,y>1da<y3db<z.lax = by + gcd(x,y)| (4.1.6, Bézout)
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