Computability



Numeric functions

These are the elements of

N* - N,
with £ >0
Notation NF¥ = N* - N
We consider NFY = N
Notation
NF = [ JNF*
kEN

Well-known functions
0eNF?, SENF!, pluseNF? timeseNF?, TIFeNF*,

with Hf(xl, Ce ,Zl?k) —= X;
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Primitive recursive functions

We define subsets PR* C NF* and write

PR = JPR*
k

the set of primitive recursive functions as the least set such that

Initial functions 0ePR?
SePR*
[1¥ePR*
Composition Let G1,...,GmePR®, HEPR™; define FENF* by
F(Z) = H(Gi(%),...,Gm(Z))
then FEPR”
Primitive recursion Let GEPR*, HePR”*T?; define FENF*T! by
F0,2) = G(o)
Fly+1,Z) = H(y, F(y,%),%)

then FePR*T!
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Primitive recursive relations

Let R C N,

(i) The characteristic function of R is xg€NF* defined by

xr(@) = 0, if R(¥),

= 1, else.

(ii) The relation R is primitive recursive if Y pr€PR*
Then we write REPR”.
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Developing PR relations

Lemma. Let RePR. Then also ~RcPR¥.
Proof. Xx-r(Z) =35g(xr(7)). W

Lemma Let Ry, R;€PR. Then also R; & Ry, R1 V Ry€PR.

Proof. Xgr,vr,(T) = XRr, (). XR,(T);
Ry (7) & Ro(T) = =(mRi(Z) V —R2(7)). ®
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Developing PR functions

Lemma. Let H,, Hy, REPR*. Define F€NF*

F(z) = Hi(x), ifR(7)
= Hy(¥), else
Then FEPR*.
Proof. F(¥) = H1(%).xr(Z) + H2(Z).x-r(Z). B
Lemma. Let H€PR', GEPR?* HePR?. Define FENF? by

F(z,y) = G(Hi(y), Ha(z, y, 7))
Then FEPR.
Proof. Write £ = z,y. Then
F(Z) = GH.(I1(D)), Hz(IT; (2), 3(Z), I11(7)))
= G(K1(7), K2(7))

Thus K;, K2, and hence also F', are all in PR. R
Lemma. Z = (Az.0)€PR"'. Proof. Z(0) =0;Z(z+ 1) = Z(z) = I5(z, Z(x)). ®
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More PR functions

Lemma +, x€PR?2.

Proof. r+0 = =«
r+wy+1) = Skx+y)
.0 = 0
z(y+1) = zy+=x

Lemma. Let GEPR**!. Define

Then I, HEPR* !,

Proof. Define F(

F(f,y) — Zz'<yG(fai)
H(fay) — z<yG(faz)
= 0
= F(Z,y) +G(Z,y)

1
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More PR relations

Lemma. Let REPR. Define

Then S, TEPR.

Proof. xs(Z,z) = Ily<.xr(Z,y)
T(Z,z) < —Jy<z.-R(7). N

Lemma. Let REPR**!. Define FENF® by

F(Z,z) = py<z.R(Z,y), if y exists
= z, else.
Then FEPR*.
Proof. F(Z,0) = 0
F(Z,z+1) = F(Z,z2), if3dy<z.R(Z,y),
z, else, if R(Z, z),
= z+41, else. W
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Packing and unpacking strings of numbers

There is a bijection j : N* — N that is PR with inverses j;€PR*

j(g1(z), j2(x)) = x

[ 7(z,y) = %(:U + y)(x +y + 1) + x known to Cantor |

There is a bijection j™ : N™ — N that is PR with inverses j*€PR*

JUOT (), (1) = @

[ Iterate j |

There is a bijection (=) : [J,~oN* — N and a maps Azj.(z);EPR?, ThePR" such that

r=() = lh(x)=0& (x); =0
= (Yo, Ym—1) = lh(zx)=m & (x); = yi,

[<y07 R ,ym—1> — ](m — 17jm<y07 - . ,ym—l)) ]
For fixed m one has (Ayo...Ym—1-(Yo,.-.,Ym—1))EPR™
There is a map *€PR? such that

(Yo, -+ Ym—1) * (205 -+, 2n—1) = (Y0, - -+ Ym—1, 20, -

for s < m

.. ,Zn_1>

Week 5 Incompleteness of Arithmetic

Spring 2010



The Fibonacci function

Define F0) = 1

F(1) =1
Fn+2) = Fn)+Fn+1)
Then FePR!.

Proof. Define H(z) = (F(z), F(z + 1)). Then
H(0) = (1,1)
H(z+1) = (H(z))h, (H(x))o+ (H(x)))
s PR. Hence F(z) = (H(z))o is PR. m
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Course of value recursion

Given FENF**! define
F(Z,n)=(F(z,0),...,F(Z,n—1))
Given HEPR**2, Define
F(Z,n) = H(F(Z,n),Z,n)

Then FEPR.
Proof. We show first that F€PR**!. Indeed
F(Z,0) = ()
F(@n+1) = F(&n)x(F(Zn))

Then

Therefore FEPR. R
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Partial recursive functions

A partial function 1) : N* — N is a relation ¥y C N* x N such that
(z,9), (z,y )€y = y=1y
If (x,y)€E, then we write 1 (x)| (¥(x) is defined) and Y (x) ~ y.

If for no y one has (x,y)€, then we write 1)(x)T (¢ (z) is undefined)

Initial functions 0€EPR’
SePR'
IFePR”
Composition Let ¢1,..., 0mEPRF, xePR™; define pcNF* by
(L) = Xx(P1(Z), ... hm (L))
then @ePR”
Primitive recursion  Let YePRF, xePRFT2: define peNF ¥t by
p(0,7) =~ (T
ply+1,7) ~ x(y,e(y,T),T)
then pePRFH
Minimalization Let x€EPR*™! and define () ~ puy.[x(Z,y) ~ 0]
then pePR"
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Small print about equality

In an equation
t~s

with expressions that are partially defined, the meaning is
t] = [sl&t=s]]&[s| = [t] &t =s]

We understand that

X1 (Z),..., (@)l < .. ke
[1(Z) =y & ... & Yp(Z) =y
& x(y1, - Yr) ]

wyx(@,y) 0]l < FJyx(@y ~0&
Vz<y.x(Z,2)] & x(&,2) 2 0]
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