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Numeric functions
—————————————————————————————

These are the elements of

N
k → N ,

with k ≥ 0

Notation NF k = N
k → N

We consider NF 0 = N

Notation

NF =
⋃

k∈N

NF k

Well-known functions

0∈NF 0, S∈NF 1, plus∈NF 2, times∈NF 2, Πk
i ∈NF k,

with Πk
i (x1, . . . , xk) = xi
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Primitive recursive functions
—————————————————————————————

We define subsets PR k ⊆ NF k and write

PR =
⋃

k

PR k

the set of primitive recursive functions as the least set such that

Initial functions 0∈PR 0

S∈PR 1

Πk
i ∈PR k

Composition Let G1, . . . , Gm∈PR k, H∈PR m; define F∈NF k by

F (~x) = H(G1(~x), . . . , Gm(~x))

then F∈PR k

Primitive recursion Let G∈PR k, H∈PR k+2; define F∈NF k+1 by

F (0, ~x) = G(~x)
F (y + 1, ~x) = H(y, F (y, ~x), ~x)

then F∈PR k+1
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Primitive recursive relations
—————————————————————————————

Let R ⊆ N
k.

(i) The characteristic function of R is χR∈NF k defined by

χR(~x) = 0, if R(~x),

= 1, else.

(ii) The relation R is primitive recursive if χR∈PR k

Then we write R∈PR k.
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Developing PR relations
—————————————————————————————

Lemma. Let R∈PR . Then also ¬R∈PR k.

Proof. χ¬R(~x) = sg(χR(~x)).

Lemma Let R1, R2∈PR . Then also R1 & R2, R1 ∨R2∈PR .

Proof. χR1∨R2
(~x) = χR1

(~x).χR2
(~x);

R1(~x) & R2(~x) = ¬(¬R1(~x) ∨ ¬R2(~x)).
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Developing PR functions
—————————————————————————————

Lemma. Let H1, H2, R∈PR k. Define F∈NF k

F (~x) = H1(~x), if R(~x)

= H2(~x), else.

Then F∈PR k.

Proof. F (~x) = H1(~x).χR(~x) +H2(~x).χ¬R(~x).

Lemma. Let H1∈PR 1, G∈PR 2, H∈PR 3. Define F∈NF 2 by

F (x, y) = G(H1(y), H2(x, y, x))

Then F∈PR .

Proof. Write ~x = x, y. Then

F (~x) = G(H1(Π
2
1(~x)), H2(Π

2
1(~x),Π

2
2(~x),Π

2
1(~x)))

= G(K1(~x),K2(~x))

Thus K1,K2, and hence also F , are all in PR .

Lemma. Z = (λx.0)∈PR 1. Proof. Z(0) = 0;Z(x+ 1) = Z(x) = Π2
2(x, Z(x)).
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More PR functions
—————————————————————————————

Lemma +,×∈PR 2.

Proof. x+ 0 = x

x+ (y + 1) = S(x+ y)

x.0 = 0
x.(y + 1) = x.y + x

Lemma. Let G∈PR k+1. Define

F (~x, y) = Σi<yG(~x, i)

H(~x, y) = Πi<yG(~x, i).

Then F,H∈PR k+1.

Proof. Define F (~x, 0) = 0
F (~x, y + 1) = F (~x, y) +G(~x, y)

H(~x, 0) = 1
H(~x, y + 1) = H(~x, y).G(~x, y).
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More PR relations
—————————————————————————————
Lemma. Let R∈PR . Define

S(~x, z) ⇔ ∃y<z.R(~x, y)

T (~x, z) ⇔ ∀y<z.R(~x, y)

Then S, T∈PR .

Proof. χS(~x, z) = Πy<zχR(~x, y)

T (~x, z) ⇔ ¬∃y<z.¬R(~x).

Lemma. Let R∈PR k+1. Define F∈NF k by

F (~x, z) = µy<z.R(~x, y), if y exists

= z, else.

Then F∈PR k.

Proof. F (~x, 0) = 0
F (~x, z + 1) = F (~x, z), if ∃y<z.R(~x, y),

= z, else, if R(~x, z),
= z + 1, else.
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Packing and unpacking strings of numbers
—————————————————————————————
There is a bijection j : N

2 → N that is PR with inverses ji∈PR 1

j(j1(x), j2(x)) = x

[ j(x, y) = 1

2
(x+ y)(x+ y + 1) + x known to Cantor ]

There is a bijection jm : N
m → N that is PR with inverses jm

i ∈PR 1

j
m(jm

1 (x), . . . , jm
m(x)) = x

[ Iterate j ]

There is a bijection 〈−〉 :
S

k≥0
N

k → N and a maps λxj.(x)j∈PR 2, lh∈PR 1 such that

x = 〈 〉 ⇒ lh(x) = 0 & (x)i = 0

x = 〈y0, . . . , ym−1〉 ⇒ lh(x) = m & (x)i = yi, for i < m

[〈y0, . . . , ym−1〉 = j(m− 1, jm(y0, . . . , ym−1)) ]

For fixed m one has (λy0 . . . ym−1.〈y0, . . . , ym−1〉)∈PR m

There is a map ∗∈PR 2 such that

〈y0, . . . , ym−1〉 ∗ 〈z0, . . . , zn−1〉 = 〈y0, . . . , ym−1, z0, . . . , zn−1〉
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The Fibonacci function
—————————————————————————————

Define F (0) = 1

F (1) = 1

F (n+ 2) = F (n) + F (n+ 1)

Then F∈PR 1.

Proof. Define H(x) = 〈F (x), F (x+ 1)〉. Then

H(0) = 〈1, 1〉

H(x+ 1) = 〈(H(x))1, (H(x))0 + (H(x))1〉

is PR. Hence F (x) = (H(x))0 is PR.
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Course of value recursion
—————————————————————————————

Given F∈NF k+1 define

F (~x, n) = 〈F (~x, 0), . . . , F (~x, n− 1)〉

Given H∈PR k+2. Define

F (~x, n) = H(F (~x, n), ~x, n)

Then F∈PR .

Proof. We show first that F∈PR k+1. Indeed

F (~x, 0) = 〈 〉

F (~x, n+ 1) = F (~x, n) ∗ 〈F (~x, n)〉

= F (~x, n) ∗ 〈H(F (~x, n), ~x, n)〉

Then
F (~x, n) = (F (~x, n+ 1))n.

Therefore F∈PR .
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Partial recursive functions
—————————————————————————————
A partial function ψ : N

k ⇀ N is a relation ψ ⊆ N
k × N such that

(x, y), (x, y′)∈ψ ⇒ y = y
′

If (x, y)∈ψ, then we write ψ(x)↓ (ψ(x) is defined) and ψ(x) ≃ y.

If for no y one has (x, y)∈ψ, then we write ψ(x)↑ (ψ(x) is undefined)

Initial functions 0∈PR0

S∈PR1

Πk
i ∈PRk

Composition Let ψ1, . . . , ψm∈PRk, χ∈PRm; define ϕ∈NF k by

ϕ(~x) ≃ χ(ψ1(~x), . . . , ψm(~x))

then ϕ∈PRk

Primitive recursion Let ψ∈PRk, χ∈PRk+2; define ϕ∈NF k+1 by

ϕ(0, ~x) ≃ ψ(~x)
ϕ(y + 1, ~x) ≃ χ(y, ϕ(y, ~x), ~x)

then ϕ∈PRk+1

Minimalization Let χ∈PRk+1 and define ϕ(~x) ≃ µy.[χ(~x, y) ≃ 0]

then ϕ∈PRk
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Small print about equality
—————————————————————————————

In an equation

t ≃ s

with expressions that are partially defined, the meaning is

[t↓ ⇒ [s↓ & t = s]] & [s↓ ⇒ [t↓ & t = s]]

We understand that

χ(ψ1(~x), . . . , ψk(~x))↓ ⇔ ∃y1, . . . , yk.

[ψ1(~x) = y1 & . . . & ψk(~x) = yk

& χ(y1, . . . , yk)↓]

µy.[χ(~x, y) ≃ 0]↓ ⇔ ∃y.[χ(~x, y) ≃ 0 &

∀z<y.χ(~x, z)↓ & χ(~x, z) 6≃ 0]


