Research-problems

1. Axiomatizing coding (Smullyan: Diagonalization and Self-Reference, Oxford Science
Publications, 1994).

(1) The theory of combinators CL has terms defined by the following abstract
syntax
V o= x|V (variables)
t = V|K|S|tita (terms)
The theory is axiomatized by (the universal closure of)
Ky = x;
Sryz = xz(yz).
A closed term is a term without any variables. CL°is the set of closed terms.
(2) Show that CL is undecidable (Grzegorczyk).
(3) A coding is amap ' ': CL°~CL°. (Should we require that 'P' is in ‘normal

form’?)
(4) A coding can have several properties.

(A) 3FAeCLYP,QeCle. ATPTQ = TPQ'

(N) 3INeCL°VPeCL. NP = TPl
kP = K, if P =K,
= K(SKK), else;
(Z) 3JZg,ZgeCl.
ZsP = K, if P=S,
= K(SKK), else;
\
(PP = K, if P =K,
= K(SKK), else;
(P) 3JPy,PyeCL.
ZsP = K, if P=S,
= K(SKK), else;
(A2) E|A2 c CLe. AQWPTTWQTT _ TFPQTT.
(Ak) JA € CL°. AkrPT...rij = rrPl...Pkﬂ;
(E) dJEeCLe. E'P = P;
(Yo) 3JYaeCLe. Yo'F' = FIY, F:

(5) A coding is admissible iff A, N hold; it is pre-admissible iff Z, P hold.



(6) Show that in a pre-admissible coding one has E. [Hint. Establish an appro-
priate recursion principle.]
(7) Show that in an admissible coding one has Ay and Y.
(8) Show that in an admissible coding satisfying E one has AZ.
(9) Show that in a pre-admissible coding satisfying A2 one has N.
(10) Research question. Does E hold in every admissible coding?
(11) Research question. Is every admissible coding pre-admissible?
(12) Research question. Is every pre-admissible coding admissible?

. Naive terms. An untyped lambda term M is called naive if for every redex (Azx.P)Q
subterm of M one has that

P(z:=Q) =, Plz := Q).

Here P(z := Q) is naive substitution

P Pz :=Q)

x Q

y y (y # )

(P1P) (Pr(z = Q))(P2(z == Q))
(Az.P)(z:=Q) | \z.(P(z:=Q))

Moreover M =, N if N results from M by a number of changes of names of bound
variables, axiomatized by

M =, Mz :=y], withy ¢ FV(M)UBV(M)

and
’ M ‘ FV(M) ‘ BV (M) ‘
x {z} 0
(PQ) |FV(P)UFV(Q) | BV(P)UBV(Q)
(Ax.P) | FV(P)/{z} BV(P)U {z}.

Notice that z(Ayz.y)z is naive, but (Ayz.y)z is not naive. Let M be an untyped
term. Define

M is hereditarily naive <= VYN.[M —g N = N naive].
For example © = ww with w = (Az.zx) is heriditarily naive but wc; is not. Indeed,
wep = cicp
= (AMfz.fo)e
= Mr.ciz = \x(Afz.fx)x

= Az \r’.21’ =, ¢1 o Mv.(Az.27) = Avw!

Problem. Characterize the notion of hereditary naivity. Is it decidable?



