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Two version of λ→

—————————————————————————————

Curry version (type assignment). ΛΓ(A), {M∈Λ | Γ ⊢ M : A} with

(axiom) Γ ⊢ x : A if (x:A)∈Γ

(→-E)
Γ ⊢ M : (A → B) Γ ⊢ N : A

Γ ⊢ (MN) : B

(→-I)
Γ, x:A ⊢ M : B

Γ ⊢ (λx.M) : (A → B)

Church version (typed terms). Λch ,
⋃

A∈TT Λ
ch
→
(A) with

xA∈Λch
→(A)

M∈Λch
→(A→B) N∈Λch

→(A) ⇒ (MN)∈Λch
→(B)

M∈Λch
→(B) ⇒ (λxA.M)∈Λch

→(A→B)

Note ⊢ λx.x : 0→0, ⊢ λx.x : (0→0)→(0→0), but (λxA.x)∈Λch
→(A→A).
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Canonical translations between λ→CH and λ→CU

—————————————————————————————

Def. There is a forgetful map | · | : Λch → Λ

|xA| , x

|MN | , |M ||N |

|λx:A.M | , λx.|M |

Def. Let M∈Λch. Write

ΓM , {x:A | xA∈FV(M)}

Prop. (i) Let M∈Λch. Then

M∈Λch
→
(A) ⇒ ΓM ⊢ |M | : A

(ii) Let M∈Λ. Then

Γ ⊢ M : A ⇔ ∃M ′∈Λch
→
(A).|M ′| ≡ M
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Type structures
—————————————————————————————
Let TT = TT{0} and λ→ = λch

→

Def. Let M = {M(A)}A∈TT with M(A) 6= ∅, for A∈TT.
(i) M is called a type structure for λ→ if

M(A→B) ⊆ M(B)M(A)
, {f | f : M(A)→M(B)}

(ii) Let M be provided with application operators

(M, ·) = ({M(A)}A∈TT, {·A,B}A,B∈TT)

·A,B : M(A→B)×M(A)→M(B).

(iii) A typed applicative structure is such an (M, ·) satisfying extensionality :

∀f, g∈M(A→B) [[∀a∈M(A) f ·A,B a = g ·A,B a] ⇒ f = g].

Prop. The notions of type structure and typed applicative structure are equivalent

Def. M is called trivial if M(0) is a singleton. Then M(A) is a singleton for all A∈TT



—————————————————————————————Mastermath Lambda Calculus Week 12, Winter/Spring 2012

Full type structures
—————————————————————————————
Let X be a set. The full type structure M = MX over X is

M(0) , X

M(A→B) , M(B)M(A), for all A,B∈TT.

Def. Mn ,M{0,...,n−1}

Prop. M2 |= c1 = c3 6= c2

Proof. Let 1 = 0→0. Then

M2(1) = {I0,K0,K1, ff}

with ff(i) = 1− i. Note that ∀f∈M2(1).f ◦ f ◦ f = f . Therefore M2 |= c3 = c1.

Note also that ff ◦ ff = I 6= ff. Hence M2 |= c2 6= c1.

In the exercises you will show that

M5 |= c4 = c64, M6 |= c4 6= c64, M6 |= c5 = c65

In fact that for i, j∈N one has

Mn |= ci = cj ⇔ i = j ∨ [i, j ≥ n−1 & ∀k1≤k≤n.i ≡ j(mod k)]
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Term models
—————————————————————————————
Def. Let D be a set of typed variables seen as constants. (i) Write

ΛD(A), {M∈Λ(A) | FV(M) ⊆ D}

(ii) D is called sufficient if for every A∈TT0 there is a closed term M∈ΛD(A)

For example {x0}, {F 2, f1} are sufficient. But {f1}, {Ψ3, f1} are not. Note that

D is sufficient ⇔ ΛD(0) 6= ∅

Def. Let M,N∈ΛD(A) with A = A1→ . . .→Aa→0.

(i) M is D-extensionally equivalent with N , notation M ≈ext
D N if

∀t1∈Λ
D(A1) . . . ta∈Λ

D(Aa).M~t =βη N~t.

If a = 0, then M,N∈ΛD(0); in this case M ≈ext
D N ⇔ M =βη N .

(ii) M is D-observationally equivalent with N , notation M ≈obs
D N if

∀F∈ΛD(A→0)FM =βη FN

Theorem! For all M,N∈ΛD(A) one has

M ≈ext
D N ⇔ M ≈obs

D N.

We therefore can write M ≈D N .
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Term models
—————————————————————————————
Def. Let D be sufficient. Define

M[D], ΛD/≈D,

with application defined by
[F ]D[M ]D , [FM ]D.

Here [−]D denotes an equivalence class modulo ≈D

Prop. M[D] is an extensional typed applicative structure satisfying

∀M,N∈Λch.[[M ]]M[D] = [M ]≈D
(1)

Proof. That application is well defined follows from

F ≈D F ′ & M ≈D M ′ ⇒ FM ≈D F ′M ≈D F ′M ′

For the first equality we need ≈ext
D , for the second ≈obs

D . By induction on open terms
M∈ΛD it follows that for (require ∀d∈D.ρ(d) = [d]D)

[[M ]]ρ = [M [~x: = ρ(x1), . . . , ρ(xn)]]D.

Therefore (1). Extensionality follows as ≈D is ≈ext
D .



—————————————————————————————Mastermath Lambda Calculus Week 12, Winter/Spring 2012

The five canonical term models
—————————————————————————————
These are

M0 , M[{c0}] the ‘trivial model’

M1 , M[{c0, d0}] the ‘minimal model’

M2 , M[{c0, f1}]

M3 , M[{f1, g1, c0}]

M4 , M[{Φ3, c0}]

M5 , M[{b12→0→0, c0}] the ‘maximal model’

Prop! Let M,N have the same type.
(i) M0 |= c0 = c1, hence M0 |= M = N . Therefore M0 is the ‘trivial model’.
(ii) M1 |= M = N ⇔ λ+M = N 6⊢ c0 = c1.
(iii) M5 |= M = N ⇔ M=βηN
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Reducibility of types
—————————————————————————————
Def. Let A,B∈TT0

(i) We say that A is βη-reducible, notation A ≤βη B, if for some closed term Φ:A→B
one has for all closed M1,M2:A

M1 =βη M2 ⇔ ΦM1 =βη ΦM2,

i.e. equalities between terms of type A can be uniformly translated to those of type B.
(ii) Write A ∼βη B iff A ≤βη B & B ≤βη A.
(iii) Write A <βη B for A ≤βη B & B 6≤βη A.

Lemma. A = A1→ . . .→Aa→0 and B = Aπ(1)→ . . .→Aπ(a)→0, where π is a permuta-
tion of the set {1, . . . , a}. Then

(i) B ≤βη A
(ii) A ∼βη B.

Proof. (i) We have B ≤βη A via

Φ ≡ λm:Bλx1 . . . xa.mxπ(1) . . . xπ(a).

(ii) By (i) applied to π−1.
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Statman’s type hierarchy
—————————————————————————————

Theorem!

0 <βη

0→0 <βη

0→0→0 <βη

. . . <βη

0k→0 <βη with k > 2
. . . <βη

1→0→0 <βη

1→1→0→0 <βη

3→0→0 <βη

12→0→0 where 12 , 02→0

Moreover, every type A is equivalent (∼βη) to one of these

Remember (0 <βη 1 <βη)

12 <βη 1→0→0 <βη 1→1→0→0 <βη 3→0→0 <βη 12→0→0
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Inhabitants
—————————————————————————————

Terms (for these only finitely many bound variables are needed)

λx0.x : 1 λx0
1x

0
2.x1 : 12 λx0

1 . . . x
0
k.xi : 1k

λf1x0.f(f(f x)) : ω λf1g1x0.f(g(g(f(fx)))) : ω + 1

λF frm−e.F (λx0
1.F (λx0

2.F (λx0
3.x1))) : 3

λp1frm−ec0.pc(pcc) : ⊤
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λ0

→
Finite generation

—————————————————————————————

Definition. A type A (its inhabitants) is called finitely generated if
Λø(A) can be obtained from finitely many closed terms {M1, . . . ,Mn},
not necessarily of type A, by application alone.

Example. Let ω = (0→0)→0→0. Then this type is finitely gener-
ated by {c0, S

+}, where S+ ∼βη λnfx.f(nfx).
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λ0

→
The ‘monster’ type M (Statman)

—————————————————————————————
M := 3→ 1 = (((0→ 0)→ 0)→ 0)→ 0→ 0

Examples of terms of this type
λΦ3c0.c
λΦ3c0.Φ(λf1.fc)
λΦ3c0.Φ(λf1

1.Φ(λf
1
2.f2(f1c)))

λΦ3c0.Φ(λf1
1.f1(Φ(λf

1
2.f2(f1(Φ(λf

1
3.f1(f3(f2c)))))))

λΦ3c0.Φ(λf1
1. ~w1(Φ(λf

1
2. ~w2(. . .Φ(λf

1
n. ~wnc))))) = “〈~w1; . . . ; ~wn〉”,

with ~wk∈{f1, . . . , fk}
∗.

3→ 0→ 0

λΦ3λc0

��

f 0@GAFBE Φ --

��

2 = 1→ 0

λf1

kk

c

‘Inhabitation machine’ for M

Terms of this type need arbitrarily many (bound) variables.

We say that the type M is rich. The types 1, ω, ω+1,⊤ are poor.


