Lambda Calculus
Week 2
Representing computable functions
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Terminology 1

Def. (i) A term MeA is called closed if FV(M) = ()
(i) A? = {MeA | FV(M) =0}

Def. Let M eA. Then
(i) M is a (6-)normal form (nf) if for no N€A one has M —3 N
(i) M hasanf N if M =5 N and N is a nf

Prop. (i) If M isanfand M — 3 N, then M = N

(ii)) If M has nf N, then M — 5 N

(iii) A term has at most one nf

Proof. (i) If M — 5 N, then this goes in k > 0 steps. Then k = 0, as M is a nf.
(i) If M =5 N, then M — 5 Z5 4~ N by CR, hence Z = N by (i), as N is a nf.

(iii) If M =5 N1 =g N2, then N1 =g Na, hence by (ii) N1 — g N2, as N2 is a nf,
so N1 = Ny by (i), as N1 is a nf. Il
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Computable functions 2

A numerical function is a partial map ¥: N*¥*—=N, £ > 0

Such a v is defined at 7, notation (7)., if ¥ () = m, for some m
otherwise ¢ is undefined at 71, notation (7)1

A computable function is a partial computable function that is total

The initial (computable) functions are
0 : N
ST : N—N
UF : NFSN  defined by UF(ny, ..., n,) = n;

1
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Closure properties 3

Let A be a class of nhumeric functions

(i) A is closed under composition if x,¥1,...,Yvm€EA = peA, with ¢ defined by

p(1) = x(Y1(7), . .., m (7))
(i) A is closed under primitive recursion if x, €A = €A, with ¢ defined by

90(0775:) — X(ﬁ)7 90(0) = no
gp(k—l—l,ﬁ) — w(gp(k,ﬁ),]{?,ﬁ) Sp(k_'_l) — ¢(¢(k)7k)

(iii) A is closed under minimalization if xe A = €A, with ¢ defined by

@(1) = pm[x(7, m) = 0]

The partial computable functions form the least class

e containing the initial functions
e closed under composition, primitive recursion and minimalization

A total function is a partial function that is always defined
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Numerals and computations

Church’'s numerals

co = Mz = (Af(Azx))
ci = Az.fz = (Af(Az(fx)))
¢ = A f(fr) = AfQAz(f(fr))))

¢ = Ma.fM(2)
There are terms plus, times satisfying
plusc, ¢, =3 Cpim
timesc, ¢, =3 Cpm
Take
anmfr.nf(mfr)
nmfrm(Ay.nfy)x

plus

times
Then

plus ¢, ¢, = Afx.c,f(Cnfx) = Nz . f"(f"x) = Nfx. f" "z
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Representing the computable functions in A

Def. A function 1: N*—N is \-definable if for some FeA? one has

v(m)=m = Fc,, ..
() =1 = Fc, ..

We say that /' A-defines 1

Then also

(7
i

§l\/

and

w(ﬁ)\L e F’Cn1 .. Cpy =5

=m << I, ..
)=1T & Fc,, ..

- Cnr =8 Cm,
.Cn,. has no nf
-Cnr =8 Cm,
. Cn,, has no nf
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Data types 6

Booleans true = \zy.z, false = \xy.y
Then if b then M else N 2 bM N

Pairs (M, N) = \f.fMN. Then
(M, N)true=M (M,N)false =N

Trees becomes Ap.pcs3(pcyco)

Cg/.\O
C1/ \CQ

Mirroring trees is A-defined by mirror = AtAp.t(Aab.pba):

mirror(Ap.pcs(pcice)) = Ap.p(pcacy)cs
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Computability and A-definability 7
Thm. Let f be a total numeric function. Then

f is computable < f is A-definable
The assumption ‘total’ can be dropped

Proof. (=) (By ‘induction’) The initial functions can be A-defined by the terms
co, ST =Anfa.f(nfz), Uf=Ari...zp.a
Suppose g, h1, ..., hy, are A-definable by G, H. Then their composition by
FE2)\2.G(H1%) ... (H,T)
Suppose g is A-defined by G. Define f(0) =7, f(n+ 1) = g(f(n),n).

In order to A-define f we first do f(n) = (n, f(n)).

Note that f(0) = (0,7) and f(n + 1) = t(f(n)), where t{x,y) = (x + 1, g(y, x))
Then f is A-defined by

F 2 \n.nT(co, c7) false,
with 7= A\p. (ST (ptrue), G(pfalse)(ptrue)). Verify that

T(ck,Cr(r)) = (Cht1,Cr(r+1)), hence by induction T (co, c7) = (Cn, Cp(n)), SO
Fc, =T"(co, c7) false = (cpn, C(n) false) = cyen)
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Minimalization and A-definability 8

Let g be defined by GG. Define f(n) = um.[g(n,m) = 0].
Then f is defined by F' = \z. Hrxcy, with

Hpxn = if (Gn = ¢y) then n else Hpz(S™n),

where “Gn = c¢y" is an abbreviation for Gn(K false) true

Thus we have seen that the class of A-definable functions contains the
initial functions and is closed under substitution, primitive recursion
and minimalization. Hence it contains all computable functions.

(<) Suppose that ' defines f. Then
f(n)=m & Ak Fc,=c,

is an enumerable relation (since the axioms of A are decidable).

Hence by computability theory f is computable. O
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Processes 0

computations ~» termination
processes ~» continuation

Simplest continuation
Let A = Az.zx. Then

AA = (Ar.xx)A
= AA

This can be done in interesting ways

Given C|Z, f| = ...2...f..., thereis a term F' such that

F7#=C[Z,F]
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Multiple fixed points 10

Prop. Given I}, ..., F,,€EA. Then there exists Ay, ..., A, €A such that

—

Al B FlA

A, %5 FA
Proof. For X,...., X, €A write (X|,..., X,)) = ) 2.2X, ... X,. Then
(X1,..., X,)U! = 5 X
Let
X —» g (F(XUD) ... (XUD), ..., F(XU?) ... (XUY))
Hence taking A; = XU” we have
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